o

Problem 8.1 Use the method described in Active
Example 8.1 to determine Iy and k, for the rectangular
area.

0.6m

— 02m [~=—04m—=

Solution: The height of the vertical strip of width dx is 0.6 m, so
the areais dA = (0.6 m) dx.

We can use this expression to determine 7.

0.4 m

I,= /xzdx = (0.6 m) x%dx
Ja

0.2m

X3 04 m
= (0.6 m) {7] = 0.0416 m*
3 0.2 m

The radius of gyration about the y axisis

1, 0.0416 m*
ky=1/=2 =y ———— =0416
"=V a T\ 0am) 06m) m

| Iy = 0.0416 m*, ky, = 0.416 m ‘

Problem 8.2 Use the method described in Active
Example 8.1 to determine I, and k, for the rectangular
area.

0.6m

— 02m [~—04m—=

Solution: 1t was shown in Active Example 8.1 that the moment
of inertia about the x axis of a vertical strip of width dx and height

f)is
(U )srip = % [f(x)]3 dx.

For the rectangular strip, f(x) = 0.6 m. Integrating to determine I,
for the rectangular area.,

~0.4m 1 1
I, = / 308 m)3dx = 308 m)3 [x]33M = 0.0288 m*
0.2m

The radius of gyration about the x axis is

I, 0.0288 m*
[ Y R LN V97
A~ \ (0amo6m m

I, =0.0288 m* k, = 0.346 m ‘

Problem 8.3 In Active Example 8.1, suppose that the
triangular area is reoriented as shown. Use integration
to determine 7, and k,.

Solution: The height of avertical strip of width dx is i — (h/b)x,
s0 the area N
dA = (h — —x) dx.
b

We can use this expression to determine 7,:

b 3 4
h X X 1

I,= [ X?dA = 2P Vav=n |2 2| — Z B
! /Ax /ox( bx> y [3 4”}0 12

The radius of gyration about the y axisis
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Problem 8.4 (&) Determine the moment of inertia 7, Solution:
of the beam’s rectangular cross section about the y axis.

40mm  ~60mm
(b) Determine the moment of inertia 7, of the beam's @ |1, = /0 /0 x?dydx = 1.28 x 10° mm*
cross section about the y’ axis. Using your numerical
values, show that 7, = Iy + d?A, where A is the area of
the cross section. ®)

20mm  ~30mm
Iy = xzdydx =32x10° mm*

—20mm J —30mm

Iy=1y+d,?A
1.28 x 105 mm*
= 3.2 x 10° mm* + (20 mm)2[(40 mm)(60 mm)]

0]
‘47 40 mm —|

Problem 85 (&) Determine the polar moment of Solution:
inertia J, of the beam’s rectangular cross section about
the origin O.

40mm  ~60mm
@ |Jo= / / (% 4+ y?)dydx = 4.16 x 10® mm*
JOo 0

(b) Determine the polar moment of inertia Jyof the
beam’s cross section about the origin O’. Using your
numerical values, show that Jo = Jo + (d? + d?)A, o |7 — r20mm - p30mm 2 v — 1.04 x 10° it
where A is the area of the cross section. ’ ® o= somm s T Y= 104X A0 MM

Jo=Jo +(d?+d,»A
(©) | 4.16 x 10° mm* = 1.04 x 10° mm* + [(20 mm)?2
+ (30 mm)?][ (40 mm)(60 mm)]

Problem 8.6 Determine I, and k,. Solution:

y A= (0.3m)(1m)+ %(0.3 m)(1 m) = 0.45 m?

im (0.3m+0.3x
I, = / / x?dydx = 0.175 m*
0 0

0.6 m 7
i, /0.175 m
0.3 m =L =/ === =062
l ky A 0.45 m? 0.624m
X
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Problem 8.7 Determine Jo and ko.

Solution:

A=(03m)lm+ %(0.3 m)(1 m) = 0.45 m?

Im (0.3m+0.3x
Jo = / / % 4+ y*)dydx = 0.209 m*
0 0

0.209 m?
ko =/ 222 _ 0681
0 0.45 P m

Problem 8.8 Determine /.

Solution:

im ,0.3m+0.3x
Iy = / / xydydx = 0.0638 m*
0 0

Problem 8.9 Determine,.

Solution: The height of a vertical strip of width dx is 2 — x2, so

of inertia about the x axis of a vertical strip of width dx and height
fis
1 3
Ix)srip = 3 [f0)]° dx.

In this problem f(x) = 2 — x3. Integrating to determine I, for the area,

‘11
IX:/ é(2—x2)~°’ dx
0
1 1
:—/(8—12x2+6x4—x6)dx
3Jo

= 1.69.

1 12x3+6x5 A7
3 3 5 71,

— 9 _ 2
the area is y=2-x
dA = (2 — x®)dx.
We can use this expression to determine 7,
. 1 3 511
2x
I, = /xsz =/ x2(27x2)dx= {— — x—}
T Ja 0 3 5]
= 0.467.
I, = 0.467.
1 X
Problem 8.10 Determine /,. y
Solution: 1t was shown in Active Example 8.1 that the moment S
y= - X
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Problem 8.11 Determine Jo. y

Solution: See the solutions to Problems 8.9 and 8.10. The polar y=2-—x2
moment of inertiais

Jo=1I,+1, =169+ 0467 =215

—_

Problem 8.12 Determine /.

<

Solution: It was shown in Active Example 8.1 that the product of y=2-x2
inertia of a vertical strip of width dx and height f(x) is

1
Usy)stip = SLf (0] xdx.

In this problem, f(x) = 2 —x?. Integrating to determine I, for the
area,

1 1
I, = / —-(2— xz)zxdx
©Jo 2

1 1
:E/ (dx — 4 4 xO)x
0

1
} = 0.583.
0

2 " 2'%

I,, = 0.583.

Problem 8.13 Determine 7, and k,. ¥

—_

_ 142 a* 8
T2

Solution: First we need to locate the points where the curve inter-
sects the x axis.

—4+ JT6 = A—1/A)(=7)

2(-1/4) =21

1
7Zx2+4x77=0:>x=

14 p—x2 /44407
Now A=/ / dydx =72
J2 Jo

14 p—x2/A4ax—T
Iy = / / x?dydx = 5126
J2 JO

I, [5126
k«"_VX_V 72 84
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Problem 8.14 Determine [, and k,.

Solution: See Solution to Problem 8.13

14 p—x2/A+a—T
I, = / / Vdydx = 1333
2 0

I, 1333
ke =1/~ =4/ =" =430
- A 72

Problem 8.15 Determine J, and k.

Solution:  See Solution to 8.13 and 8.14

Jo =1+ 1, = 1333 + 5126 = 6459

To 6459
ko = /22 = /222 _ 947
0 A 72

Problem 8.16 Determine I,,.

Solution:

14 p—x2/44-4x—T
Iy = / / xydydx = 2074
J2 Jo

Problem 8.17 Determine I, and k,.

Solution:  First we need to locate the points where the curve inter-
sects the line.

~AL VB ACTACT) _,

1,
_ = Ax —7=5
x° + 4x =X (—1/4)

12 p—x2/4+4x—T7
A= / / dydx = 21.33
4 Js

12 p—x?/4+40—7
I, = / / 2dydx = 1434
4 Js

I, 1434
ky=4/=2 =,/ =820
J A 21.33

Problem 8.18 Determine I, and k,.

Solution:  See Solution to Problem 8.17

12 p—x2/4+4x—7
I, = / / yzdydx = 953
4 Js

I, 953
ke =)= =/ 2 — 6.68
A 21.33
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Problem 8.19 (&) Determine 7, and k, by letting dA y
be a vertical strip of width dx.

(b) The polar moment of inertia of a circular area with
its center at the originis Jop = %nR“. Explain how you
can use this information to confirm your answer to (a).

N

Solution: The equation of the circle is x2 + y2 = R2, from which (b) If the integration were done for a circular area with the center at
y = £+/R? — x2. The strip dx wide and y long has the elemental area the origin, the limits of integration for the variable x would be from

dA = 2+/R?2 — x2dx. The area of the semicircle is —R to R, doubling the result. Hence, doubling the answer above,
R2 . R 4
A:LI).:/xszZZ/ x2\/R2 — x2dx 1V=ﬂ_
2 Ja Jo ) 4
TR — 222 RRE— 22 RA Ll R By symmetry, I, = I,, and the polar moment would be
=2|- —sin™ (7
{ 4 * 8 *g R)L
7R*
Jo=2="5"
TR*
8 which is indeed the case. Also, since k, = k, by symmetry for the full
circular area,
e Jo R
YTVaA T2

. I, I, Jo
ko= 242 =[x = /]l
° AT A A A

as required by the definition. Thus the result checks.

Problem 8.20 (@) Determine I, and k, for the area
in Problem 8.19 by letting dA be a horizontal strip of
height dy.

(b) The polar moment of inertia of a circular area with
its center at the originisJop = %nR“. Explain how you
can use this information to confirm your answer to (a).

Solution: Use the results of the solution to Problem 8.19, A = (b) If the area were circular, the strip would be twice as long, and the
R2 " .

%. The equation for the circle is x2 + y2 = R?, from which x = moment of inertia would be doubled:

+1/R? — y2, The horizontal strip is from 0 to R, hence the element of 7R4

areais Ly = 4

dA = \/Rz—yzdy. By Smeetfy I}':I.)Cv

+R 7R*
IX:/ysz:/ y2\/R2 — y2dy andJOZZIX:T’
A -R

which is indeed the result. Since k, = k, by symmetry for the full

R
_|_ y(R? — y?)3/2 N R2y(R2 — y2)1/2 N R_4 a1 (l) circular area, the
4 8 8 R
I, I, Iy Jo
(R R R CTVATATVER TV
182 82| 8

as reguired by the definition. This checks the answer.
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Problem 821 Use the procedure described in y
Example 8.2 to determine the moment of inertia I,
and 7, for the annular ring.

Solution: We first determine the polar moment of inertia Jo by
integrating in terms of polar coordinates. Because of symmetry and
the relation Jo = I, + I, we know that I, and I, each equal %JO.
Integrating as in Example 8.2, the polar moment of inertia for the
annular ring is

" "Ro 1
Jo= / r2dA = / r?(2rr)dr = én(Rj} - RY
JA JR;

1
Therefore| [, =1, = Zn(Rj -RY
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Problem 8.22 What are the values of 1, and k, for the y

dliptica area of the airplane's wing?

Solution:

. iy
Ivz/xsz=/ / xzdydx
: JA J-0J—y
@ ry
Iv:2/ / xzdydx
i 0 Jo

2
b(l—‘;fz)l/z

ra
Iv:2/ [xzy]o dx
: 0
a 2
1V=2/ xzb(l—x—2> dx
) o 2
a 2
1\‘:227/ x? 1—x—2dx
) 0 \/ 7

Rewriting

b a
Iy:—/ Va? — x2dx
a Jo

2b | x(a®—x2)%2  a2xa? — X2
=71~ 4 + 8

a* g (X r
+5 st (2)
8 allg

(from the integral tables)

I _2ba e
r 8 2
1_2a3bn
Y78

Evaluating, we get

I, =49.09 m*

The area of the elipse (half ellipse) is

1/2
2\ Y

A:2/‘a/b(l_a) dydx
0o Jo

5

“é\*

a 2
A=2/ b<1f’i> dx
0 a

2b a
= /0 (a? —xz)l/zdx

a 2

a 2 2

oJa a® .
- =+ —=4dn
(2 3

2b#n  wab
A —

T a22 2

Evauating, we get

A=785m

Finaly

e 1,  [49.09
Y7Va V785
ky=25m

2b | xva? —x2  a® .

—

y=bvy_x2
a2

_% KW’ R (Z)>

()
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Problem 8.23 What are the values of I, and &, for the
eliptica area of the airplane's wing in Problem 8.22?

Solution:
. - .):S fa2_x2
I,V:/yszZZ/ / y2dydx
JA JO JO

W22

sé
1x=2/ [—y} dx
Jo [ 3]0

ab3 2 2.\3/2
Ixzz/o 33 — 332 dx

I 2b3 | x(a? — x2)3/2 N 3d2xv/a? — x?
T 348 4 8
3 a
Sahsnt(
+2aan (a)}
0
26° | a(0)  3a3%V0 3 ,x
I, = — | —= 24T
33| 4 8 8" 2

0(@?) 3d%-0va2
2 F I 4o
4 8

y 2 2
PASHIN i
4 P 22 + b2 =1
A
2b X
l y=bvaz-x
)é—-— a —_——
I _2b3 3 A(ﬂ)
*TaA \8)" \2
I Bab37 _ ab3w
*T 38 8

Evaluating (a =5, b = 1)

5
L= = 1.96 m*

From Problem 8.22, the area of the wing is A = 7.85 n?

I, 1.96
=1/ 2 =4/Z= k =0500m
- A 785 °F

Problem 8.24 Determine I, and k,.

Solution: The straight line and curve intersect where x = x2 — 20.
Solving this eguation for x, we obtain

1+/1+80
X=—"—— =

—4,5,
2

If we use a vertical strip: the area
dA = [x — (x? — 20)] dx.

Therefore

5
1),:/x2dA:/ x2(x — x% + 20) dx
A —4

_ x4 é 20x3
- 5

4 3

5
:| = 522.
4 4

The areais
5
A:/dA:/ (x — x% + 20) dx
JA —4

X2 X3
_{2 3

5
- - =+ ZOx} = 122.
-4

1, 522
S0 ky=4/2L =/ =207
) A 122

y
y=x2-20
\yzx
X
y
y=x2-20 N y=x
X
dA
A
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Problem 8.25 Determine I, and k, for the area in
Problem 8.24.

Solution: Let us determine the moment of inertia about the x axis
of avertical strip holding x and dx fixed:

<

2 * 2 y3 ! y=X
() :/ dAx:/ (dxdy) = dx [7}
i = [ Y [, @xdy 3] = - 20 "

d
- Ex (—x 4 60x% + x3 — 120042 + 8000).

Integrating this value from x = —4 to x =5 (see the solution to
Problem 8.24), we obtain I, for the entire area:

.5 1
I, = / é(—xe + 60x* + x3 — 1200x2 + 8000) dx
J—4

7 4 40003 8000x1°
:{_x_+4x5+x__ i “ 1 = 10,900.

21 12 3 + 3 |4

From the solution to Problem 8.24, A = 122 so

1y /10,900
ky = a1 122 = 9.45.

Problem 8.26 A vertical plate of area A is beneath the X
surface of a stationary body of water. The pressure of
the water subjects each element dA of the surface of the
plate to a force (po + yy) dA, where pg is the pressure
at the surface of the water and y is the weight density
of the water. Show that the magnitude of the moment
about the x axis due to the pressure on the front face of
the plate is

M, xis = PO?A + )/Ix,

where y is the y coordinate of the centroid of A and I,
is the moment of inertia of A about the x axis.

Solution: The moment about the x axis is dM = y(po + yy)dA
integrating over the surface of the plate:

M= [ o+ yyaa.
A
Noting that po and y are constants over the area,

M:po/ydA+y/y2dA.
JA "

By definition,

/ydA
JA

y= A

and lx:/ysz‘
A

then M = poyA + ylx, which demonstrates the result.
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Problem 8.27 Using the procedure described in Active y
Example 8.3, determine I, and k, for the composite area —~1mf-
by dividing it into rectangles 1 and 2 as shown. KN

Solution: Using results from Appendix B and applying the
parallel-axis theorem, the moment on inertia about the x axis for area
lis 2

1
Uon =1L +d3A = 51 m)E@m)* + (25 m[(1 m)(3 m)]
=210m*
The moment of inertia about the x axis for area 2 is
1 3 4

(Ix)2 = 5(3 m)(1 m)° =1 m".
The moment of inertia about the x axis for the composite area is

Iy = )1+ ()2 =220 m*,

The radius of gyration about the x axis is

4
=y 2 /29 oim
A 6 m?

I, =220m* k., =191 m. ‘

Problem 8.28 Determine I, and k, for the composite y
area by dividing it into rectangles 1 and 2 as shown. —~1m
i

Solution: Using results from Appendix B, the moment of inertia
about the y axis for area 1 is 1

(1= 5@ M =1 1 2

The moment of inertia about the y axis for area 2 is T
1 3 4
(Iy)2 = 5(1 m)(3m)° =9 m".
The moment of inertia about the y axis for the composite area is
Iy =1+ (Iy)2 =10 m*.

The radius of gyration about the y axisis

Iy 10m*
ky=1/= = > =129m
’ A 6m

I, =10m* k, =129 m. |
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Problem 8.29 Determine [, and k,. Solution: Bresk into 3 rectangles

y I = %(0.6)(0.2>3 + 1—12(0.2>(0.6)3 +(0.2)(0.6)(0.5)

i ‘<7* 0.8 m 4‘

| + 1—12<°~8><0-2>3 +(0.8)(0.2)(0.9)% = 0.1653 m"

0.2m |

A = (0.2)(0.6) + (0.6)(0.2) + (0.8)(0.2) = 0.4 m?

0.6 m 4
I, 0.1653 m'
l 1<X:,/7\_1/70'4m2 =0.643 m

I, =0.1653 m*

L

02m ky =0.643 m

Problem 8.30 In Example 8.4, determine I, and k, for y
the composite area. |

Solution: The area is divided into a rectangular area without the / 20 mm
cutout (part 1), a semicircular areas without the cutout (part 2), and X
the circular cutout (part 3). k

Using the results from Appendix B, the moment of inertia of part 1 40 mm
about the x axis is

120 mm

1
U1 = E(120 mm)(80 mm)® = 5.12 x 10° mm®*,
the moment of inertia of part 2 is
1 4 6 4
I )2 = é7r(40 mm)”® = 1.01 x 10° mm",
and the moment of inertia of part 3 is
1 4 5 4
Iy)3 = Zn(zo mm)* = 1.26 x 10° mm".
The moment of inertia of the composite area is

Iy = ()1 + ()2 + ()3 = 6.00 x 10° mm™.

From Example 8.4, the composite area is A = 1.086 x 10* mm*, so
the radius of gyration about the x axis is

[1, 6.00 x 10 mm*
ky =\ — =4/ —— =235 mm.
* A \/ 1.086 x 10 mm?

I, = 6.00 x 10° mm#, k, = 23.5 mm. ‘
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Problem 8.31 Determine [, and k,. y

0.2m | |
0.6 m <& x
02m \ \
0.2 m
0.6 m
Solution: Break into 3 rectangles— See 8.29
First locate the centroid
de (0.6)(0.2)(0.1) + (0.2)(0.6)(0.5) + (0.8)(0.2)(0.9) —054m
- (0.6)(0.2) + (0.2)(0.6) + (0.8)(0.2) 7 @

I, = {1—12(0.2)(0.6)3 + (0.2)(0.6)(d — 0.5)2}

+ {%2(0.6)(0.2)3 + (0.6)(0.2)(d — 0. 1)2}

+ [%2(0.8)(0.2)3 +(0.8)(0.2)(0.9 — d)z} =0.0487 m*

I, 0.0487 m*
ke = ’/X = ,/70'4# =0.349 m

Problem 8.32 Determine 7, and k,.

Solution: Break into 3 rectangles— See 8.29

1

_1 3, 1 3, 1 3
Iy = 5(06)(0.2° + (0.2(0.6)° + 5(02)(08)

=0.01253 m*

I, 0.01253 m*
ky=/2 =/ —=>_ —01770 m
i A 0.4 m?

Problem 8.33 Determine J, and k.

Solution: See 8.29, 8.31 and 8.32

Jo =1,+1,=00612m*

_ [lo _ [ooeizm*
Ko =12 =\ gam =0301m
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Problem 8.34 If you design the beam cross section so y
that 7, = 6.4 x 10° mm*, what are the resulting values
of I, and J? f
h
Solution: The area moment of inertia for a triangle about the
base is e————X
1 3

I, = (1—2> bh?, h
from which I, = 2 <i> (80)h® = 10K3 mm?, 30 30

12 [ mm mm

I, = 10n% = 6.4 x 10° mm?,

from which 7 = 40 mm.

1 1
Iy,=2 (E) (2h)(30°%) = <§> h(30%)

from which 7, = <:—1> (40)(30%) = 3.6 x 10° mm*

and Jo = I, +1, = 3.6 x 10° + 6.4 x 10° = 1 x 10° mm*
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Problem 8.35 Determine I, and k,. y
160 ‘
T mm
Solution: Divide the area into three parts: i 40 mm
Part (1): The top rectangle. 200
mm |..| 40
mm
A1 = 160(40) = 6.4 x 10° mm?, —|T
160 = X
dy1 = — =80 mm, klzo#‘
2 mm

1
Iy = (1—2> (40)(160%) = 1.3653 x 107 mm™.
From which

1,1 = d% Ay + I y1 = 5.4613 x 10" mm*.

Part (2): The middle rectangle:

Ap = (200 — 80)(40) = 4.8 x 10° mn?,
dy2 = 20 mm,
Iy = (%) (120)(40%) = 6.4 x 10° mm®.
From which,
12 = d%Az + Iy = 2.56 x 10° mm?.
Part (3) The bottom rectangle:

A3 = 120(40) = 4.8 x 10% mm?,

120
dy = - = 60 mm,

1
Iyya = (Tz) 40(120°) = 5.76 x 108 mm*

From which
1,3 = d%,A3 + 1,3 = 2.304 x 10" mm*

The composite:

Iy=1,1+1,2+1y3=280213 x 10" mm*

I,
ky=4/——-"2——" =70.8mm.
(A1 +A2 +A3)
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Problem 8.36 Determine [, and k,.

Solution: Use the solution to Problem 8.35. Divide the areainto  from which
three parts:

Lo = d%Az + I 42 = 5.376 x 10" mm*
Part (1): The top rectangle. ’

5 ) Part (3) The bottom rectangle:
A1 = 6.4 x 10° mm<,

Az = 4.8 x 103 mm?,
dy1 =200 — 20 = 180 mm,

dy3 =20 mm,
L ,
Lol = (E) (160)(40°%) = 8.533 x 10° mm*.

I3 = (i) 120(40%) = 6.4 x 10° mm*
. 12
From which

and 1,3 = d2,A3 + I3 = 2.56 x 10° mm*.
Ia= d?lAl + L1 = 2.082 x 108 mm?* 38 = dygA3 + In3 x

Part (2): The middle rectangle: The composite:

I, =L + Lo + La = 2.645 x 108 mm*
Az = 4.8 x 108 mm?, c=la+Ilo+1s3 x

Jj
120 ky =4/ ——"—— =1286
dy = - + 40 = 100 mm, (A1+ A2 +A3) m

1
IES <E> (40)(120%) = 5.76 x 10 mm*

Problem 8.37 Determine I,,.

Solution: (See figure in Problem 8.35). Use the solutions in  from which
Problems 8.35 and 8.36. Divide the area into three parts:
Liy2 = dyad A2 = 9.6 x 105 mm®.
Part (1): A1 = 160(40) = 6.4 x 10° mm?,
Part (3): A3 = 120(40) = 4.8 x 10° mm?,
160
dy1 = —— = 80 mm,
2 120
d3 = - = 60 mm,
dy1 = 200 — 20 = 180 mm,
dy3z =20 mm,
IXnyl =0,
from which
from which
I3 = dy3d3A3 = 5.76 x 108,
Ixyl = dxldylAl + Ixxyyl = 9.216 x 10’ mm*.
The composite:
Part (2) Ao = (200 — 80)(40) = 4.8 x 10° mm?,
[xy = [xyl + 1xy2 + ]xyg = 1.0752 x 108 mm4
dy2 =20 mm,

120
dyz: 7 + 40 = 100 mm,

(© 2008 Pearson Education South Asia PteLtd. All rightsreserved. This publication isprotected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

616

o



o

Problem 8.38 Determine I, and k,. y
I
_ 160
Solution: The strategy is to use the relationship I, = d2A + I, mm
where I, is the area moment of inertia about the centroid. From this | i 40 mm
I.. = —d?A + I.. Use the solutions to Problems 8.35, 8.36, and 8.37. —

Divide the area into three parts and locate the centroid relative to the

n
3
[

coordinate system in the Problems 8.35, 8.36, and 8.37. mm |__ r#)n

Part (1) Ay = 6.4 x 10° mm?, ] Taomm

dy1 = 200 — 20 = 180 mm. F%qzn(%a‘

Part (2) A2 = (200 — 80)(40) = 4.8 x 10° mn??, The centroid coordinates are

dy = ? —80mm, d =20 mm, x = Arda +A2:*2 A —
dyo = 120 440.= 100 mm, y= Mt Azt A _ g0

Part (3) Az = 120(40) = 4.8 x 10° mm?, from which

120

ds= 2 _60mm, dy=20mm I = —y?A+1, = —1.866 x 10° +2.645 x 10°
: > : :

_ 7
The total areais = 7.788 x 10" mm

1
A=A1+Ar+ A3 =16 x 10* mmZ. ke = f = 69.77 mm

Problem 8.39 Determine, and k,.

Solution: The strategy is to use the relationship 1, = d?A + I,
where I,. is the area moment of inertia about the centroid. From
this /. = —d?A + I . Use the solution to Problem 8.38. The centroid
coordinates are X = 56 mm, y = 108 mm, from which

Iye = =x?A +1, = —5.0176 x 10" + 8.0213 x 10
= 3.0 x 10" mm*,

I
kye = f = 43.33 mm

Problem 8.40 Determine /..

Solution: Use the solution to Problem 8.37. The centroid
coordinates are

X =56 mm, y=108 mm,

from which I, = —XyA + I, = —9.6768 x 107 + 1.0752 x 10°

= 1.0752 x 10" mm*
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Problem 8.41 Determine [, and k,. y
Solution:; Divide the area into two parts: 4m— ‘* 3m—~
Part (1): atriangle and Part (2): arectangle. The areamoment of inertia 3Tm
for atriangle about the base is i
X

1

I, = (=) brs.

X (12> bh

The area moment of inertia about the base for a rectangle is
1

I, = <§> bh®.

1
Pat () I,1=| —
W= (5

) 433 =9ma.
1
Part (2) 1,2 = <§> 3(3%) =27.

The composite: I, = 11 + I,» = 36 m*. The area:

A= (%) 4(3)+3(3) = 15 m*.

Problem 8.42 Determine Jo and ko.

Solution: (See Figure in Problem 8.41) Use the solution to  from which

Problem 8.41.

_— . . 1,2 = (5.52A2 + 1, = 279 m*,
Part (1): The area moment of inertia about the centroidal axis parallel 2= (65241, m

to the base for atriangle is 2
where A, = 9 m~.

1 1
Iye = (3_6> bhd = (3_6> 3(4%) = 5.3333 m*, The composite: 1, = I,1 + I, = 327 m*, from which, using a result
from Problem 8.41,
from which

Jo=1,+1,=327+36=363m*

8\ 2
Iy = <§> A1 +1,. =48 m*. Jo
andkO:,/X:4.92m
where A1 = 6 m?.

Part (2): The area moment of inertia about a centroid parallel to the
base for a rectangle is

12

12

Iy = <i> bh® = <i> 3(3%) =6.75 m*,
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Problem 8.43 Determine I,,.

Solution: (See Figure in Problem 8.41.) Use the results of the
solutions to Problems 8.41 and 8.42. The area cross product of the
moment of inertia about centroidal axes paralel to the bases for a

. . 1 .
triangle is Iy = ibzhz, and for arectangle it is zero. Therefore:

1 8 3
Ixyl = (i) (42)(32) + (5) (5) Al = 18 m4

and I,,2 = (1.5)(5.5)42 = 74.25 m*,

Loy =1yy1+ 12 = 92.25 m?

Problem 8.44 Determine [, and k,.

Solution: Use the results of Problems 8.41, 8.42, and 8.43. The
strategy is to use the parallel axis theorem and solve for the area
moment of inertia about the centroidal axis. The centroidal coordinate

_ A1) +A(L5)
- A

=13m.
From which

Ie = —y?A +1, = 10.65 m*

I}C(‘
and k. = '/T =0.843m

Problem 8.45 Determine Jo and k.

Solution: Use the results of Problems 8.41, 8.42, and 8.43. The
strategy is to use the parallel axis theorem and solve for the area
moment of inertia about the centroidal axis. The centroidal coordinate:

8
A1 <§> +A2(5.5)
A

X = = 4.3667 m,
from which
Iyc = —X2A + Iy = 40.98 m*.

Using a result from Problem 8.44,

Jo =Ixc +Iyc = 10.65 + 40.98 = 51.63 m*

andkozw/%zl.SSSm

Problem 8.46 Determine I,,.

Solution:  Use the restilts of Problems 8.41-8.45. The strategy is
to use the parallel axis theorem and solve for the area moment of inertia
about the centroidal axis. Using the centroidal coordinates determined
in Problems 8.44 and 8.45,

Iy =—-XyA+1I,, = —8515+9225=7.1m"
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Problem 8.47 Determine [, and k,. y

1

20
80 mm

40 mm

~—80 mm—

Solution: Let Part 1 be the entire rectangular solid without the y
hole and let part 2 be the hole. |
0 40 mm
Area= hb — 7R? = (80)(120) — nR? ey
Y
Ia=3bh® where b =80 mm
/ ~ T
h =120 mm 7 40 mm
L1 = 3(80)(120)° = 4.608 x 10" mm* Eul =
120 mm Part 2 Ve
For Part 2, /
ye -
Ly = 37R* = 17(200* mm?
v2 =37 37(20) / dy = 80 mm
Lo = 1.257 x 10° mm* / /
1.\'2:Ix’2+d%A \
’ Part 1
X

where A = 7R? = 1257 mm?
L 80 mm ~;-(
d =80 mm

2 = 1.257 x 10° + 7(20)%(80)2
Lo = 0.126 x 10° + 8.042 x 105 mm*

= 8.168 x 10° mm* = 0.817 x 10’ mm*

I, =1 — I = 3.79 x 10’ mm*

Area = 8343 mm?

I
L —67.4mm

Area

(© 2008 Pearson Education South Asia PteLtd. All rightsreserved. Thispublication isprotected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

o

620




Problem 8.48 Determine J, and k.

Solution:  For the rectangle,

Jor=Ia+1,1= %hh3 + %hbe'
Jo1 = 4.608 x 107 + 2.048 x 10’ mm*
Jo1 = 6.656 x 10’ mm*

A1 = bh = 9600 mm?

For the circular cutout about x’y’

120 mm

Ly = Iy y2 + A2(dx)(dy)

Ly2 = 0+ (1257)(40)(80)

Iy2 = 4.021 x 10° mm?*
Iy = Ixy1 — Ixy2

Iy = 2.304 x 10" — 0.402 x 107 mm?*

Iy = 1.90 x 107 mm*

e /

oo =lva+1y, = 3nR* + LaR® (h) 80mm SV
Ty = 1.257 x 10° 4 1.257 x 10° mm* / //

1o = 2.513 x 10° mn? X
Using the parallel axis theorem to determine Jo (about x, y) le" 80 mm 1
Joz =Ty, + (d2 + d®)Az ®)

Ap = 7R? = 1257 mm? 7o =563 107 mm
Jo2 = 1.030 x 107 mm? ko = \/g = Alj_"Az

Jo=Jo1—Jo2 ko = 82.1 mm

Jo = 6.656 x 107 — 1.030 x 10’ mm*

Problem 8.49 Determine I,,.

Solution: y

A1 = (80)(120) = 9600 mn? - Bc: -

Az = R? = 7(20)? = 1257 mm? R=20mm y ‘

—

For the rectangle (A1)

Ly = 10212 = 1(80)2(120)2 N T — X
Ly, = 2.304 x 107 mm? - 120 mm
For the cutout dy=80mm A

and by the parallel axis theorem - ._ﬂdx 40 mmj(— X
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Problem 8,50 Determine [, and k,. y

20
mm

Py
\

3
3

40 mm

~—80 mm—|

Solution:  We must first find the location of the centroid of the total y
area. Let us use the coordinates XY to do this. Let A; be the rectangle
and A; be the circular cutout. Note that by symmetry X, = 40 mm Y
80 mm l
Area X Y.
Rectangle; 9600 mm? 40 mm 60 mm 1\
: 2
Circlex 1257 mm 40 mm 80 mm R=20mm
120 mm
A1 = 9600 mm?
Az = 1257 mm? 80 mm \ X
For the composite,
A1X1 — A2X
Al —Ar X
!
A1Y 1 — ApY, 40 mm 40 mm
Y= tT0202 570 mm |

A1 —As

Now let us determine I, and k, about the centroid of the Now to C — dy» = 80 — 57 = 23 mm
composite body. ’

) ! Leo=1 dy2)’A
Rectangle about its centroid (40, 60) mm w2 =l +dye)4e

1 Lo = 7.91 x 10° mm*

1
I, = —bh® = —(80)(120)3
12 12 For the composite about the centroid

L1 = 1.152 x 107 mm3,
1.\' = Ixcl - IX('2

Now to C
I, =1.08 x 10" mm*

Ier = I + (60 — Y)%Aq
XL ! ¢ The composite Area = 9600 — 1257 mm?

L1 = 1.161 x 10" mm*
= 8343 mm?

Circular cut out about its centroid
1
ke =4/—= =36.0mm
Ay = 7R? = (20)%7 = 1257 mm? A

Lo = $7R* = m(20)*/4

I,2 = 1.26 x 10° mm*
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Problem 851 Determine I, and k,.

Solution: From the solution to Problem 8.50, the centroid of the y
composite area is located at (40, 57.0) mm.

The area of the rectangle, Az, is 9600 mm?.

The area of the cutout, Ay, is 1257 mmZ.

The area of the composite is 8343 mm?.

(1) Rectangle about its centroid (40, 60) mm. —_—
Loz Smdo t (120)(80)° T
TRV T X
80 mm

Iy1 = 5.12 x 105 mm*

da =0 40 mm
(2) Circular cutout about its centroid (40, 80)

Iy2 = 7R*/4 = 1.26 x 105 mm* ) 80 mm )

dyy=0

Since d,1 and d,» are zero. (no translation of axes in the x-

direction), we get

Iy=1y1—1y2

I, = 4.99 x 105 mm*

Finaly,

o = Iy _ 4.99 x 10°

! A1 — Ay 8343

ky = 24.5 mm
Problem 8.52 Determine Jo and k.
Solution:  From the solutions to Problems 8.51 and 8.52, y

I, = 1.07 x 10’ mm* |
I, = 4.99 x 105 mm* ‘
and A = 8343 mn? P
Jo=1;+1, =157 x 10" mm*
v
Jo a X

ko = %= 43.4 mm 120 mm
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Problem 8.53 Determine I, and k,. y

Solution: Treat the area as a circular area with a half-circular v
cutout: From Appendix B, ‘ ‘

1 |
()1 = 37(20y* mm* 5 2 .2mm
’ —_X = —X D X
and (I,)2 = $7(12)* mm*4,

01, = 3m(20)* — $7(12)* = 1.18 x 10° mm*.

The areais A = 7(20)? — 37(12)? = 1030 mm?

o o b [r18x10°
VAT | 1o3x10®

= 10.7 mm

Problem 854 Determine Jo and ko.

Solution: Treating the area as a circular area with a half-circular
cutout as shown in the solution of Problem 8.53, from Appendix B,

o = U1+ U1 = $7(20)* mm?
and (Jo)2 = ()2 + (Iy)2 = 3m(12)* mm*,
Therefore Jo = 37(20)* — 3(12)*

= 2.35 x 10° mm*.

From the solution of Problem 8.53,

A=1o30in2R0=,/Q
A
[2.35 x 10°
“\Tax1® = 15.1 mm.
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Problem 855 Determine, and k, if A =3 m. y

Solution: Bresk the composite into two parts, a rectangle and a

semi-circle. 1.2m
For the semi-circle /

h
X
y
/s P 12m
Ac
Vd -
To get moments about the x and y axes, the (dy, d,.) for the semi- Ar
circle are \ o 3m=h
4R AN
dy =0, dye=3m+ — R
) y + 3” \\__‘__
X

and A, = 7R?/2 = 2.26 m?

1 To get moments of area about the x, y axes, d,g =0, dyg =1.5m

Iy, = =nR*
ye 8

0
Lig = Iyg + (d&)2(bh
and I, =1y, +d2A (dy =0) o = Lyk+ (G oh)

1
e =1y =(12)%/8 L =1k =153 43 m?
Iy, = 0814 m* Iyg = 3.456 m?
For the Rectangle Ag = bh = 7.2 m2
]/R:ib}ﬁ Iy =1y +1r
* 12
1 Iy = 4.27 n?
Iyg = = hb®
12 To find k,, we need the total area, A = Ag + A,
AR = bh
, A=720+226n?
Yy
A = 9.46 m?
24m

=0.672m

ky =

\/s
|2
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Problem 856 Determine/, and k, if h =3 m.

Solution: Break the composite into two parts, the semi-circle and
the rectangle. From the solution to Problem 8.55,

b=24m AR

I = Ix’z‘ +Afd§(‘

4R _
dy = (3+ _) m R=12m
’ 3 h=3m
3m
t

Substituting in numbers, we get
4 l*“ 24m
Iy.=0.0717 m

dy. = 3509 m Ye

and I,e =1, +A(,d§ \L

L = 27.928 m? Xe

For the Rectangle s =3 m, b=24m f

Area: Ag = bh = 7.20 m?

N
e

1 3
Iog = Ebh s d)-R =15m

Lig = Lyg + d5pAg
Substituting, we get
Iog =540 m*
Lg=216m*

For the composite,

Iy = Iig + Ixe
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Problem 857 If 7, =5m* what is the dimension

of h?
Solution:  From the solution to Problem 8.55, we have: Ve Y,
For the semicircle E_xc'
YR e

Iy. =1, =n(12)%8 = 0.814 m? T

h
For the rectangle h Xk

1 3 4 b

Iyr =1k = (N4 m 24m X

Also, we know I,z + I, = 5 m*.

1
Hence 0.814 + 1—2(h)(2.4)3 =5

Solving, h = 3.63 m

Problem 8.58 Determine 7, and k,. y

Solution: Let the area be divided into parts as shown. The areas
and the coordinates of their centroids are

A1 = (40)(50) = 2000 cm?, ¥; = 25 cm, y; = 20 cm,
Az = (20)(30) = 600 cm?, ¥ =10 cm, ¥, =55cm,
1
Az = 2171(30)2 = 707 cm?, *

X3 =20+ @ =327cm, y3=40+ @ =527 cm. 40 cm
T 7T

Using the results from Appendix B, the moments of inertia of the parts 1
about the y axis are

1
Iy 5(40 cm)(50 cm)® = 167 x 10* cm®,

1
Uy)p = 5(30 cm)(20 cm)® = 8.00 x 10% cm?,

(7 4 4 4(30 cm)] ? 1@ ;
Uy = (E - g) (30 cm)* 4 {20 om+ = } [2(30 cm)]
=80.2 x 10 cm*.

The moment of inertia of the composite area about the y axis is
Iy =14 ()24 (y)3 = 2.55 x 10° cm?,

The composite areais A = Ay + A + Az = 3310 cm?.

1
The radius of gyration about the y axisisk, = 4/ XV =278 cm.

I, = 2.55 x 10° cm?, k,— 27.8 cm.‘
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Problem 8.59 Determine [, and k,. V

Solution: See the solution to Problem 8.58.
Let the area be divided into parts as shown. The areas and the coordi-
nates of their centroids are

A1 = (40)(50) = 2000 cm?, x1 = 25 cm, y; = 20 cm,

Az = (20)(30) = 600 cm?, X, =10 cm, y, = 55 cm,

1 430 {
Az = ~7(30)2 = 707 cm?, X3 =20+ 430 _ 57 cm, -
4 3
y. —4O+4(30) =527 cm 40.cm
Y3 = 3r ’
Using the results from Appendix B, the moments of inertia of the parts L] \

about the x axis are

1
(o)1= 5(50 cm)(40 cm)® = 1.07 x 10° cm?,

1
()2 = 1—2<2o cm)(30 cm)® + (55 cm)?(600 cm?) = 1.86 x 108 cm?,

4(30 cm)

2
il 2] _ 6 4
= } [4(300m)]_2.01><10 cm.

4
()3 = (Z - —) 30 cm)* + {40 cm+
4 9

The moment of inertia of the composite area about the x axis is
L = (L)1 + )z + ()3 = 4.94 x 10° cm*.

The composite areais A = A; + Az + Az = 3310 cm?.

The radius of gyration about the y axis is ky = |/ — = 38.6 cm.

o5

I, =4.94 x 10° cm*, k, = 38.6 cm ‘
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Problem 8.60 Determine I,,.

Solution: See the solution to Problem 8.58.
Let the area be divided into parts as shown. The areas and the coordi-
nates of their centroids are

A1 = (40)(50) = 2000 cm?, X; = 25cm, y; = 20 cm,
Ay = (20)(30) = 600 cm?, X, =10 cm, y, =55cm,

4(30
x3 =20+ (—) =327 cm,

As =
3 3

1
2171(30)2 = 707 cm?,

4(30
V3 =40+ 430 = 52.7 cm.
37

Using the results from Appendix B, the products of inertia of the parts
about are

1
Uy =7(50 cmy? (40 cmy= 10.0 x 10° cm?,

(Ixy)2 = (10 cm)(55 cm)(600 cm?) = 3.30 x 10° em®,

1

40 cm

Solution: See the solution to Problem 8.58.
In terms of the coordinate system used in Problem 8.58, the areas and
the coordinates of their centroids are

A1 = (40)(50) = 2000 cm?, ¥1 = 25cm, y; = 20 cm,

Ay = (20)(30) = 600 cm?, X, =10 cm, y, =55cm,

40 cm
1 4(30
Az = Z7(30)2 = 707 cn?, X3 =20+ 430 _ 57 cm,
4 3
4(30
Jg =40+ 439 557 em.
3

The composite area isA = Ay + Ao + Az = 3310 cm?2.

) . L X1A X2A X:
The x coordinate of its centroid isx = w =239cm

The moment of inertia about the y axis in terms of the coordinate
system used in Problem 858 is I, = 2.55 x 10° cn*. Applying the
parallel axis theorem, the moment of inertia about the y axis through
the centroid of the areais

I, = 2.55 x 10° cm*— (23.9 cm)? (3310 cm?) = 6 55 x 10° cm*.

1

The radius of gyration about the y axisisk, = 1/ -~ = 14.1 cm.

A

Iy, =655 x 10° cm?, k, = 14.1 cm.‘

(ey)s = <§ - %) (30 cmy?* + {20 cm + 4(:::”1)} {40 cm+ 4(3’30:“) [707 cn?]
=121 x 10° cm®.
The product of inertia of the composite areais
Ly = ()1 + (xy)2 + (Iy)3 = 2.54 x 10° em™.
Iy = 2.54 x 10° cnf,
Problem 8.61 Determine/, and k,. Y

30 cm

20 cm
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Problem 8.62 Determine [, and k,. y

Solution:  See the solution to Problem 8.59.
In terms of the coordinate system used in Problem 8.59, the areas and
the coordinates of their centroids are

A1 = (40)(50) = 2000 cm?, x1 =25 cm, J; = 20 cm, 30 cm

A = (20)(30) = 600 cm?, X, = 10 cm, y, = 55 cm,

1 4(30
Az = 21n(e.o>2 =707 cm?, ¥3 =20+ % =327 cm,
7T

y3 =40+ % =527 cm. L—»‘

20 cm

The composite areais A = A1 + Ao + Az = 3310 cm?.

i . . V1A VoA V3A
The x coordinate of its centroid isy = A1+ VA2 3343 _ g5 a0y

The moment of inertia about the x axis in ter‘?ns of the coordinate
system used in Problem 859 is I, = 4.94 x 10° cm*. Applying the
parallel axis theorem, the moment of inertia about the x axis through
the centroid of the area is

I, = 4.94 x 10° cm®— (33.3 cm)? (3310 cm?) = 1.26 x 10° cm™.

~

X —19.5cm.

The radius of gyration about the x axis is k, = T

I, = 1.26 x 10° cm?, k, = 19.5 cm. ‘

Problem 8.63 Determine I,,.
Solution: See the solution to Problem 8.60.
Iy = [0+ (1.0 m)(0.8 m)(d; — 0.5 m)(d, — 0.4 m)]

— [0+ 7(0.2 my?(d, — 0.4 m)(dy — 0.3 m)]

1 s , 1 0.8m
+ ﬂ(O.S m)“ (0.6 m)- — 5(0.8 m)(0.6 m)(0.2 m) (T)
+ %(0.8 m)(0.6 m)(d, — 1.2 m) (dy - O‘STmﬂ
Solving: 1, = —0.0230 m*

Check using the noncentroidal product of inertia from Problem 8.60
we have

Ly = Iy — Adydy = 0.2185 m* — (0.914 m?)(0.697 m)(0.379 m)

=-0.0230 m*
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Problem 8.64 Determine I, and k,. y

18 mm

‘6mm‘6mm‘6mm

Solution: Divide the area into three parts: The composite area:
Part (1) The rectangle 18 by 18 mm; Part (2) The triangle with base 3
6 mm and atitude 18 mm; Part (3) The semicircle of 9 mm radius. A= ZA,- = 397.23 mm?.

1

Part (1): A7 = 18(18) = 324 mm?,
The area moment of inertia:

X1 =9 mm, ) ) )
Iy = X7A1 + 1 yy1 — X542 — I yyo + X543 + 1 y3,
y1 =9 mm,
I, = 4.347 x 10 mm#,
1
L1 = (1—2 > 18(183) = 8748 mm?*, 7
ky = ’/Xy =10.461 mm

1
Iy = (Tz) 18(18%) = 8748 mm*.

Part (2): A2 = (%) 18(6) = 54 mm?,

X2 =9 mm,
1
Yo = <§> 18 = 6mm,

1
Lo = (3—6> 6(18%) = 972 mm?,

I,y = (1/18)18(3%) = 27 mm*.

92
Part (3) A = % — 127.23 mm?,

X3 =9 mm,

4
y3 =18+ ((_g)) = 21.82 mm,
3

2
I3 = (%) 77(94) - (%) Az = 720.1 mm4,

1
Iyys = <§> (9% = 2576.5 mm*.
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Problem 8.65 Determine [, and k,.

Solution: Use the results of the solution to Problem 8.64.
Ix = Y2A1 + Ixx1 — Y3A2 — Ixx2 + Y3As + Ixxs,

I, = 9.338 x 10* mm?,

X

ke =4/ —=— =15.33 mm
A

=

Problem 8.66 Determine I,.

Solution: Use the results of the solutions to Problems 8.63
and 8.64.

Iy = X1Y1A1 — X2Y2A2 + X3Y3A3

Iy = 4.8313 x 10* mm*

Problem 8.67 Determine I, and k,. y
Solution: We divide the composite area into a triangle (1), rect- 6 cm
angle (2), half-circle (3), and circular cutout (4):
2cm

Triangle:
()1 = 3(12)(8)% = 1536 cm*

. — X
Rectangle: —8cm—+~—8cm—

1 3 2 4
Uy)2 = E(lZ)(S) + (12)2(8)(12) = 14,336 cm™.

y
Half-Circle:
T 8 46)1% 1
I)3=|=—— 44 164+ —2| = 2 _ 1 4
(Iy)3 (8 971) ®*+ { 6+ 3 ] 271(6) 9,593 cm
Circular cutout: X
(y)s = 37(2* + (16)?w(2)? = 3230 cm™.
y 8cm
Therefore y P
T 2
Iy =1+ ()2 + (I))3 — (Iy)a = 3224 x 10* cm”. 12¢
L2cem| @&
The areais L )
X
A=A1+Ar+Az—Aq o T 2o "
1 1 2 2 2
= Z(12)(8) + (8)(12) + =7(6)2 — 7(2)2 = 188 cm?,
2 2 y y
3 6.cm
2.cm
Ty [3.224x 107 ‘b/'
=4/ = =4/ ————— =131 . L]
SO ky, ) 158 3.1cm T
X 6 cm <
' 16 + 431(6) cm l 16 cm ‘
T
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Problem 8.68 Determine J, and k.

Solution: 1, is determined in the solution to Problem 8.67. We
will determine 7, and use the relation Jo = I, + I,. Using the figures
in the solution to Problem 8.67,

Triangle:

)1 = é(S)(lZF = 1152 e
Rectangle:

()2 = (8)(12)° = 4608 cm®.

Half Circle:

()3 = §m(6)* + (6)23m(6)% = 2545 cm™.
Circular Cutout:

()4 = 372" + (6)27(2)% = 465 cm™.
Therefore

L= (L)1 + ()2 + ()z — ()a = 7840 cm*,

Using the solution of Problem 8.67,

Jo=1;+1,=0784x 10* + 3.224 x 10* = 4.01 x 10° cm*

From the solution of Problem 8.67, A = 188 cm?, so

_ [lo _ [401x10*
Ro = 2= W_Mﬁcm.
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Problem 8.69 Determine I, and k,.

Solution: Divide the area into four parts: Part (1) The rectangle
8cmby 16 cm. Part (2): The rectangle 4cm by 8 cm. Part (3) The semi-
circle of radius 4 cm, and Part (4) The circle of radius 2 cm.

Part (1): A7 = 16(8) = 128 cm?,

X1 = 8cm,

y1=4cm,

1
Lol = <ﬁ> 16(8%) = 682.67 cm,

1
Iy = (E) 8(16%) = 2730.7 cmt*.

Part (2): A» = 4(8) = 32 cm?,
Xp = 12 cm,

y2 =10 cm,

1
w2 = <E> 8(43) = 42.667 cm*,

1
Iyy2 = <1

iz 4(8%) = 170.667 cn*.
7(42)
Part (3): A3 = —5— =25133 cn?,
X3 =12 cm.
y3 = 12 + <@> = 13.698 cm.
37

The area moments of inertia about the centroid of the semicircle are

1
Iys = (5 ) n(4*) = 100.53 cmt,

2
I3 = (%) (4% — (435—?) Az = 28.1 cm”.

Check:

I3 = 0.1098(R*) = 28.1 cm*.

check.

4 cm
2C

4cm

12cm
16 cm

Part (4): A4 = 7(22) = 12.566 cn?,
X4 =12 cm,

y4 =12 cm,

Loa = (3) 7(2% = 12.566 cm*,
Iyya = I = 12,566 cm®*.

The composite area:

3
A=A — Ay = 172566 cn?.
1

The area moment of inertia:
2 2 2 2
Iy =X{A1 4 Tyy1 +X5A2 + 10 + X543 + 13 — XGAa — I yy4

I, =176 x 10* cm®,

[T,
ky =14/ =10.1cm
’ A

Problem 8.70 Determine I, and k,.
Solution: Use the results in the solution to Problem 8.69.

Iy = y%Al + I+ Y§A2 + w2+ Y%Az + 13 — y421A4 — 1l

I, = 8.89 x 103 cm*

ke =4/ = =718 cm
A

&N‘
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Problem 8.71 Determine I,,.
Solution: Use the results in the solution to Problem 8.69.
Iy = X1Y1A1 + X2Y2A2 + X3Y3A3 — XaY4Aa,

Iy = 1.0257 x 10* cm?

Problem 8.72 Determine I, and k,.

4 cm

JZcm

T
|
4.cm
Solution: Usetheresultsin the solutions to Problems 8.69 to 8.71. X
The centroid is 8cm

‘— X1A1 + X2A2 + X343 — X444
- A

12 cm

1024 + 384 + 301.6 — 150.8
- 172.567

16 cm

=9.033 cm,

from which

Iye = —x?A+1, = —1.408 x 10* + 1.7508 x 10* = 3518.2 cm*

Iy
kye =/ =5 =452 cm
A

Problem 8.73 Determine I, and k,.

Solution: Usetheresultsin the solutions to Problems 8.69 to 8.71.
The centroid is

y= Y1A1 + Y2A2 + Y343 — YaA4 _

5.942 cm,
A

from which

I = —y?A + 1, = —6092.9 + 8894 = 2801 cm’*

17
kn.=,/% =4.03cm

Problem 8.74 Determine I,,.

Solution: Use the results in the solutions to Problems 8.69—8.71.

Liye = —XYA + I,y = —9.263 x 10° + 1.0257 x 10* = 994.5 cm*
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Problem 8.75 Determine I, and k,. 3|/
Solution: We divide the area into parts as shown: RN

5mm

. Z _
I,)1 = — (50 + 15 + 15)(30)3 = 180,000 mm*
()1 = 1550+ 15 + 15)(30) ,000 mm | s mm

‘ 50 mm

1
Uy2=WUy3=Uya= E(SO)(lO)B + (20)%(10)(30)

‘ ‘5mm

5mm
— 122,500 mm \é@ @5/ L x
15mm ‘ ‘ 15 mm

b4 8
(I)')S = (I)')ﬁ = (1}')7 = <§ - g) (15)4 ‘41-—()»}—?}4?}—1—0»‘

mm mm mm mm

(15)2 = 353,274 mm*

415)1% 1
37 }

+ {254—— 57

(108 = (U)o = U)o = J7(5)* + (257n(5)? = 49,578 rn.

Therefore,

I, =(I,)1+3Uy)2+ 3y)s5 — 3,)s = 1.46 x 10° mm*.

The areais

A=A1+ 3A2 + 345 — 3Ag
= (30)(80) + 3(10)(30) + 3 (%) 7(15)2 — 37(5)2

= 4125 mm?

I, 1.46 x 10°
0k =/ = /T2 _ 188 mm
: A 4125

Problem 8.76 Determine J, and k.

Solution: 1, is determined in the solution to Problem 8.75. We  Therefore
will determine 7, and use the relation Jo = I, +I,. Dividing the area
as shown in the solution to Problem 8.75, we obtain I = U1+ T2+ 203 + (I)s + 206 — () — 2T )e

Uor 1—12(30)(80)3 + (25)2(30)(80) = 2, 780, 000 mm* = 4.34 x 10° mm*

and Jo = I, +1, = 5.80 x 105 mm*.

()2 = %2(10)(30)3 + (50)2(10)(30) = 772, 500 mm*
From the solution to Problem 8.75, A = 4125 mm?
1
(I3 = (I)s = —(10)(30)3 = 22, 500 mm*
12 Jo
O ko =4/
A
(Io)s = }n(15)4 + (50)2};1(15)2 = 903,453 mm?*
8 2 _ [580x10°
- 4125
1 4 4
(I)e = (Iy)7 = Zm(15)" = 19,880 mm®,
8 = 37.5 mm.

(18 = 37 + TG0

1
(I)e = (Ix)10 = Zn(5>4 =491 mm*.
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Problem 8.77 Determine I, and I, for the beam’s y
Cross section. -
| LD
Solution:  Use the symmetry of the object <~ o
x 1 3 1 3 2
= = 2@ cem)Bcm)d+ [—(3cm)(3 cm+ (3cm)2(11.5cm)}
2 3 12
aBemy* 75 cm)? / 4[5cm]\? 8 cm
A T 37
7(5 cmy? 4[5 cm] \? X
# 7O (pem )
3cm Scm Scm 3cm
[ m@cem)* (2 cmp( 42 cm] 2
16 4 3
7(2 cm)y? 42 cm]\?
+ 4 <8 cem-+ 37 )
Solving we find
I, 1 3 1 3 5
E- = §(?,cm)(s cm)®+ E(8 cm)(3cm)’® 4+ (8cm)(3 cm)(6.5cm)
N (5 cm)“i 7(5 cm)? (4[5 cm| )2
16 4 3
(5 cm)? 4[5 cm] \
+ 7 (3 cm—+ 3 )
7(2cm)* w2 cm)? <4[2 cm] >2
1. 4 37
7(2 cm)? 42 cm]\ 2
+ T (3 cm + ? >
Solving we find
Problem 8.78 Determine I, and 7, for the beam’'s y
Cross section.

Solution: Use Solution 8.77 and 7.39. From Problem 7.39 we
know that

y=7.48 cm, A = 98.987 cn?

I, = 7016 cm’*— Ay? = 1471 cm

I, = 3122 cm*— A(0)? = 3122 cm*
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Problem 8.79 TheareaA = 2 x 10* mm?. [tsmoment  y
of inertiaabout the y axisis, = 3.2 x 108 mm®*. Deter-
mine its moment of inertia about the y axis.

Solution: Use the parallel axis theorem. The moment of inertia
about the centroid of the figure is

Iy = —x?A+1, = —(120?)(2 x 10*) + 3.2 x 10°

=3.20 x 10’ mm*.

The moment of inertia about the y axis is X, X
100 mm 120 mm

Iy =X2A+ Iy,

~

5 = (220%)(2 x 10%) + 3.2 x 107

=1x10° mm?*

Problem 880 The aea A=100mm?and it is v y
symmetric about the x' axis. The moments of inertia
Iy = 420 mm*, I,, = 580 mm? J, =11000 mm?*, and I,, =
4800 mm*. What are I, and 7,?

Solution: The basic relationships:

L L= YZA + Ly,

(2 Iy =x°A+1,,

(3 Jo=Ar?+J,,

(4) Jo=1,+ va

(5) Je =1+ 1)‘(‘v and
(6) Ixy = Axy +Ixycy

where the subscript ¢ applies to the primed axes, and the others to the
unprimed axes. The x, y values are the displacement of the primed
axes from the unprimed axes. The steps in the demonstration are:

(i) From symmetry about the x. axis, the product of inertia/l,,. = 0.
. -J .
(i) From (3): 2= % =100 mn?, from which r2 = x2 +
y2 = 100 mm?
Iy

(iii) From (6) and Iy, =0, y= o from which x%r2 = x* +

7.\ 2
(7’> . From which: x* — 100x2 + 2304 = 0.

(iv) Theroots: 2 = 64, and x3 = 36. The corresponding values of y
are found from y = +/r2 — x2 from which (x1, y1) = (8, 6), and
(x2, y2) = (6, 8).

(v) Substitute these pairs to obtain the possible values of the area
moments of inertia:

I = Ay? + I, = 4020 mm*,
_ 2 _ 4
Iy1 = AxT + Iy = 6980 mm

Lo = Ay3 + I, = 6820 mm*,

Iyo = Ax3 + 1, = 4180 mm*
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Problem 8.81 Determine the moment of inertia of the
beam cross section about the x axis. Compare your result
with the moment of inertia of asolid square cross section
of equal area. (See Example 8.5.)

Solution: We first need to find the location of the centroid of the
composite. Break the area into two parts. Use X, Y coords.

(s

@ 100 @ A,=3200 mm2
- E
T2 130 £|@| %, =0
Aj=2000mm2 3| | Y. =80mm
Xc,=0
YC1 =170 mm LJ,_M—~——— X
-] e
20 mm

For the composite

_ XaA1+ XAz
P e B

A1 +Az

Y1A1 + Y242

Ye=
A1+ A2

Substituting, we get
X, =0mm

Y. = 114.6 mm

We now find I, for each part about its center and use the parallel axis
theorem to find 7, about C.

Part (1): b1 = 100 mm, A3 = 20 mm

1 1
Iy1 = —b1h3 = —(100)(20)3 mm*
1= 50 12( )(20)

11 = 6.667 x 10* mm*

dy1 =Y — Y. =5538 mm

La = Tv1 + (dy1)*(A1)

I,1 = 6.20 x 10° mm*

Part (2) b, = 20 mm, hy = 160 mm

Los = = (b2)(2)® = ~ (20)(160)° mm
12 12

1> = 6.827 x 10° mm*

dys =Y —Y.=—-34.61 mm

Lo =1z + (dy)°Az

I» = 1.066 x 10" mm*

y
!
20mm | |
X
160 mm
R
20 mm
~—100 mm —=

160 mm @ﬁ C,

~

20 mm
Finaly, I, =11+ 12

I, = 1.686 x 10" mm*
for our composite shape.

Now for the comparison. For the solid square with the same total area
A1 + Ay = 5200 mm?, we get a side of length

12 =5200: [=7211mm
And for this solid section

1 1
Lo = Ebh3 = 1—214

Isp = 2.253 x 106 mm*

1.686 x 107

Ratio =1:/1:50 = 5 563 106

Ratio = 7.48

This matches the value in Example 8.5.
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Problem 8.82 The area of the beam cross section is y
5200 mm?. Determine the moment of inertia of the beam
cross section about the x axis. Compare your result with
the moment of inertia of a solid square cross section of
equal area. (See Example 8.5.) X

—  [=—20mm
Solution: Let the outside dimension be 5 mm, then the inside
dimension is » — 40 mm. The cross section is A = b2 — (b — 40)2 =
5200 mm?. Solve: b = 85 mm. Divide the beam cross section into two
parts: the inner and outer squares. Part (1)

Ay = 852 = 7225 mn?,
1 3 6
Iw1 = ( == | 85(85°) = 4.35 x 10°.
12
Part (2)
Ay = 457 = 2025 mn?.
1 3
12
The composite moment of inertia about the centroid is

Iy = Iy — Ly = 4.008 x 106 mm*,

For asquare cross section of the same area, h = +/5200 = 72.111 mm.

The area moment of inertiais
1 3 6 i 4
Iy = o 72.111(72.111°) = 2.253 x 10° in®.

The ratio:

4.008 x 10°

= 52535 106 — 1.7788 = 1.78

which confirms the value given in Example 8.5.
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Problem 8.83 If the beam in Fig. a is subjected to y y
couples of magnitude M about the x axis (Fig. b), the | L
beam’s longitudinal axis bends into a circular are whose /77 < *

radius R is given by

El,
R = s

M ﬁ
where I, is the moment of inertia of the beam'’s cross (» 4)
section about the x axis. The value of the term E, which M r /M

is called the modulus of elasticity, depends on the mate-
rial of which the beam is constructed. Suppose that a
beam with the cross section shown in Fig. ¢ is subjected
to couples of magnitude M = 180 N-m. As a result,
the beam’s axis bends into a circular arc with radius
R = 3 m. What isthe modulus of elaticity of the beam’s
material? (See Example 8.5.) y

!

i 3 mm |
Solution:  The moment of inertia of the beam’s cross section about -
the x axisis

(b) Subjected to couples at the ends.

_[1 3 1 3 2 4
I, = {12(3)(9) +2 {12(9)(3) + (6) (9)(3)}} mm

= 2170 mm? = 2,17 x 1079 m*. 3 mm |

e 3 e
mm
~—9 mm —|

The modulus of elasticity is

E = % — W — 2.49 x 10 N/m?

I,  217x 109 m? (c) Beam cross section.

E = 2.49 x 10" N/m?.
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Problem 8.84 Suppose that you want to design a beam
made of material whose density is 8000 kg/m°. The
beam is to be 4 m in length and have a mass of
320 kg. Design a cross section for the beam so that
I, =3 x 107> m*. (See Example 8.5.)

Solution: The strategy is to determine the cross sectional area,
and then use the ratios given in Figure 8.14 to design a beam. The
volume of thebeam is V = AL = 44 m®. The mass of the beamism =
V(8000) = 320004 = 320 kg, from which A = 0.01 n?. The moment
of inertia for a beam of square cross section with this area is

|

i

h
wdem

1
Lo = (E) (0.1)(0.1%) = 8.333 x 1078 m*.

C ]
B —

-5
TheratioisR = & = 3.6. - -
8.333 x 106 1 | - beam Flange dimension
From Figure 8.6, this ratio suggests an /-beam of the form shown in f 8 \
the sketch. Choose an /-beam made up of three equal area rectangles, ( B\
of dimensions b by hm in section. The moment of inertia about the b A \
centroid is I, = Y3A1 + Iu1 + Y342 + Lz + Y343 + Lus. ) é \\
bt h P I N B s
SinceallareasareequaJ,AleZ:Agzbh,andy1=T,yzz + -4 ~ |
0, and y3 = —y1, this reduces to 5_6 e el
] . -
1\, 4 b+h\? 1\ .5 -1
Iy = (6) b +2 (—2 > hb + (1—2> hb®. .03 .04 .05 .06 .07 08 .09 .1
b
Notethat bh = é where A isthe known total cross section area. These A
are two equati oﬁs in two unknowns. Plot the function subject to the condition that b = —.The function was graphed using
TK Solver Plus. The graph crosses the zero axis at approximately
i 1 5 b+ h\2 1 5 b =0.0395 m. and » = 0.09 m. The lower value is an alowable value
f)= (*) bh® +2 (7) bh + <T2> hb® =1, for i and the greater value corresponds to an alowable value of b.
Thus the I beam design has the flange dimensions, » = 90 mm and
h =39.5 mm.
Problem 8.85 The area in Fig. (8) is a C230x30 y y
American Standard Channel beam cross section. Its cross | |
sectional area is A = 3790 mm? and its moments of
inertia about the x and y axes are I, = 25.3 x 10° mm* I — |

and I, = 1 x 105 mm*. Suppose that two beams with
C230x 30 cross sections are riveted together to obtain a
composite beam with the cross section shown in Fig. (b).
What are the moments of inertia about the x and y axes [ x < x
of the composite beam?

(a) (b)

Solution:

I, = 2(25.3 x 10° mm?#) = 50.6 x 10° mm*

Iy, = 2(10° mm?* + [3790 mm?][14.8 mm]?) = 3.66 x 10° mm*
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Problem 8.86 The areain Fig. (a) is an L152x102x

12.7 Angle beam cross section. Its cross sectiona

area is A =3060 mm? and its moments of inertia

about the x and y axes are I, = 7.24 x 10° mm* and

1, = 2.61 x 10° mm*. Suppose that four beams with
L152x102x12.7 cross sections are riveted together to 24.9
obtain a composite beam with the cross section shown mm |
in Fig. (b). What are the moments of inertia about the x

and y axes of the composite beam? |

Solution:

I, = 4(7.24 x 10° mm* + [3060 mm?][50.2 mm]?)
=59.8 x 106 mm*

I, = 4(2.61 x 106 mm* + [3060 mm?][24.9 mm]?)
=18.0 x 106 mm*

4
NI
=

(b)

Problem 8.87 In Active Example 8.6, suppose that the Y
vertical 3-m dimension of the triangular areais increased
to 4 m. Determine a set of principal axes and the corre-
sponding principal moments of inertia.

Solution: From Appendix B, the moments and products of inertia
of the area are

1
I, = E(4 m)(4 my® = 21.3 m*,

1
Iy=74 m)3(4 m) = 64 m*,

1
Ly = §(4 my?(4 m)? = 32 m*.

From Eq. (8.26),

2, 2(32)
tan(20,) = —2 = ———" _ —150= 6, = 28.2°.
) =y T eh—213 =%

From Egs. (8.23) and (8.24), the principal moments of inertia are

L+1, I—I

Iy ===—+ T‘ 0820, — I,y SiN29,,
_ <21‘32+ 64) n <21'32* 64) c0s(2[28.2°]) — (32) sin(2[28.2°])
=421m*

1y = % - % €0s20, +I,,Sn20,
_ (21'32+ 64) _ (21'32_ 64> c0s(2[28.2°]) + (32) Sin(2[28.2°])
=818m

6, = 28.2°, principal moments of inertia are

421 m* 811 m*
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Problem 8.88 In Example 8.7, suppose that the areais y
reoriented as shown. Determine the moments of inertia
Iy, 1, and I,y if 6 =30°

le—1 m—|

Solution: Based on Example 8.7, the moments and product of 3 m
inertia of the reoriented area are

I,=10m* 1, =22m* [, =6m*.

Applying Egs. (8.23)—(8.25), | 4m

1 1, I,—1, .
= % + X2 c0s20 — I, sin29

Iy
10+22  10-22
= +

c0s60° — 6sin60° = 7.80 m*,
2 2

L+, Lo~y

Iy = 5 +?c0529+1_\.ysin28

10+22 10-22
= ; -— c0s60° 4 6sin60° = 24.2 m*,

I.—1, .
Loy =~ > Y §in28 + I, c0s29

12-22
== sin60° + 6¢cos60° = —2.20 m*

Iy =780m% 1, =242m* 1,y = —220m".

644

Problem 8.89 In Example 8.7, suppose that the area y
is reoriented as shown. Determine a set of principal
axes and the corresponding principal moments of inertia.
Based on the result of Example 8.7, can you predict a
value of 6, without using Eq. (8.26)?

le—1 m—|

Solution: Based on Example 8.7, the moments and product of 3 m

inertia of the reoriented area are

L,=10m*1,=22m* [, =6m*.

21, 26 . ‘ 4m
From Eq. (8.26), tan 26, = I _’Iy = 22(_)10 =1=0p=225 |
This value could have been anticipated from Example 8.7 by reori-
enting the axes.
Substituting the angle into Egs. (8.23) and (8.24), the principa
moments of inertia are

1 I, I,—1, .
s % c0S20p — I, SiN20p

’

X 2

10+22 10-—22

+ c0s45° — 6sin45° = 7.51 m*,

1 1 I,—1, .
_Lth % c0s20p + Iy SiN26p

_10+22 10-22

5 c0s45° + 6sin45° = 245 m*,

Op = 22.5°, principal moments of inertia are

7.51 m#, 245 .
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Problem 8.90 The moment of inertia of the area are , y

I, = 1.26 x 10° e,

I, =655 x 10° cm?,

Iy = —1.02 x 10° ent ¥
Determine the moments of inertia of the areal,, I, and 0

Iy if 6 =230 ‘ x
Solution:

Applying Egs. (8.23)—(8.25),

Iy+1 I,—1, :
Iy = Lty | % c0s20 — I, Sin20-

2
- 1'2620'655 + B2 065 60" — (—0.102)sin60°| x 108 cm?
=1.20 x 10° cm*
Iy = % - % c0s20 + I, Sin20

12640655 126 0.655 .
- +2 — =2 cos60" + (~0.102)§n60" | x 10° om*

=7.18 x 10° e

Io—1, .
Lyy == > 2 5in20 + I,y cos20

sin60° + (—0.102) cos60’ | x 10° cm®

_ [1.26—0.655
- 2

=211 x 10° em*

Iy =120 x 105 ecm*, Iy = 7.18 x 10° cm*, I,y = 2.11 x 10° |
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Problem 8.91 The moment of inertia of the area are v y

I, =1.26 x 10° cm*,

I, = 6.55 x 10° cm*,

Iy = —102 x 10° cm* x'
Determine a set of principal axes and the corresponding ]
principal moments of inertia ‘ x

Solution: From Eq. (8.26),

2, 2(—.102)
tan2p = —2 = =0.337
PT1,—1, 0655-126

= 6p = 9.37°

Substituting this angle into Egs. (8.23) and (8.24), the principa
moments of inertia are

Io+1 I, -1, .
LAl % c0S20p — I,y SiN26p

7

* 2

1.26+0.655 1.26 — 0.655
= +2 + > €0s18.63° — (—0.102) sin18.63"

x 10% cm?* = 1.28 x 10° cm*

I, +1, I,—1, .
Iy = % - % c0S20p + Iy SiN26p

1.26+0.655 1.26 — 0.655

2 €0s18.63° + (—0.102) sin18.63°

x 10° cm* = 6.38 x 10° e’

6p = 9.32°, principal moments of inertia are
1.28 x 10° cm*, 6.38 x 10° cm*.
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Problem 8.92* Determine a set of principal axes and y
the corresponding principal moments of inertia
}-7 160 mm ——~

Solution:  We divide the area into 3 rectangles as shown: In terms
of the X, ¥ coordinate system, the position of the centroid is

40 mm

X =

R1A1 + R2A1 + X343
A1 +A2+ A3

_ (20)(40)(200) + (100)(120)(40) + (80)(80)(40) 56 mm 200 mm
- (40)(200) + (120)(40) + (80)(40) - ’

—* ~— 40 mm

Y1A1 + §2A1 4 343
A1 +A2+ A3 t

¥ =

_ (100)(40)(200) + (180)(120)(40) + (20)(BO(40) _ o i
- (40)(200) + (120)(40) + (80)(40) - ' } 120 mm }

The moments and products of inertia in terms of the x, y system are

9 y
To = @1+ T2 + T3 L— 1l60 mm——!

1 1 i 2| }aomm
=3 (40)(200)3 + o (120)(40)3 + (180)2(120)(40) 1 _

00 i X

1
+ §(80)(40)3 = 26.5 x 10" mm?, Jao
mm

Iy= A+ T2+ ()3 3L s ITZOme

|~-120 mm—=-}

T
) /
+ E(40)(80)3 + (80)2(80)(40) = 8.02 x 10’ mm?, / l

Yx}* = (/I\,x)')l + (/I\X)")Z + (/I\xy)3 GZ@})X

X
= (20)(100)(40)(200) + (100)(180)(40)(120) _:l

=N
3

— 12000407 + = (40)(120)° + (100)%(120)(40)
3 12 v

+ (20)(80)(40)(80) = 10.75 x 10’ mm.
The moments and product of inertia in terms of the x, y system are
I, =T, — ()24 = 77.91 x 108 mm?,
I, =T, — (%)%A = 30.04 x 10° mm*,
Iy =Ty — %9A = 10.75 x 10° mm*,
from Equation (8.26),

2,y 2(10.75 x 108
tan20, = 2 = 10.75 x 109 ,
I, —1I,  (30.04 x 106) — (77.91 x 106)

we obtain p = —12.1°. We can orient the principal axes as shown:
Substituting the values of I,,7, and I,, into Equations (8.23)
and (8.24) and setting 6 = —12.1°, we obtain

11 = 80.2 x 10° mm?*

11 =27.7 x 10° mm*.
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Problem 8.93 Solve Problem 8.87 by using Mohr’'s y
Circle.

Solution: The vertical 3-m dimension is increased to 4 m. From
Problem 8.87, the moments and product of inertia for the unrotated
system are

1

—(@4my@dmyd=213m
12( )(4 m) ,

I =
1
Iy=74 m)3(4 m) = 64 m*,

1
Ly = §(4 m)%(4 m)? = 32 m*.

Mohr’s circle (shown) has a center and radius given by

21.
C = ﬂ =427 m*
2
21.3-64\2
R= \/(%4) +(322=385m"

The angle and principa moments are now

tan(26,) = = 0p = 28.2,

32
64 —42.7

I1=C+R=8L1m"I,=C—-R=421m"

6p = 28.2°, principal moments of inertia are 4.21 m*, 81.1 m*
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Problem 8.94 Solve Problem 8.88 by using Mohr’sCircle. Y

le— 1 M-

| 4m |

Solution: Based on Example 8.7, the moments and product of
inertia of the reoriented area are

I,=10m*Y 1, =22m* 1, =6m*.
For Mohr’s circle we have the center, radius, and angle

_10+22

c 16 m?,

2

22 — 10\ 2
R= ( 5 >+(6)2:8.49m4,

I, 1

x xy

1 6
=73 tan~* <ﬂ> =225

Now we can calculate the new inertias

I, =C —Rcos15 =7.80 m*
Iy =C+Rcosl5 =242m'

I,y = —Rsin15° = —220m*

Iy =780m* I,y =242 m* I\ = —2.20 m*,
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Problem 8.95 Solve Problem 8.89 by using Mohr’'sCircle. Y

l«—1 m—
3m
1m
RN ty
| |
Solution: Based on Example 8.7, the moments and product of - o
inertia of the reoriented area are 10, 6
L,=10m* 1, =2m* [,, =6m". R
For Mohr’s circle we have the center, radius, and angle \
rﬁ C \\
10+ 22 I, | 7
=212 _ 16 m?, 2 ]‘ 1
2 \ ! ’ |
\ /
22-10\2 \ 45° /
R= ( > ) +(6)2 =849 m*,
1., 6
Op=—-tan " | ——— | =225°
b=t <22716> . B 22, -6

Now we can calculate the principal moments of inertias

I1=C+R=245m"

Ip=C—-R=751m"

6p = 22.5°, principal moments of inertia are 7.51 m*, 24.5 m’,
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Problem 8.96 Solve Problem 8.90 by using Mohr’s Circle. V y

Solution: For Mohr’s circle we have the center, radius, and angle

12.6 4 6.55
C= <¥> x 10° = 9.58 x 10° in*, 6.55, 1.

12.6 — 6.55\ 2
R= \/<2> + (—1.02)2 x 10° = 3.19 in*,

1 1.02
Gp=tan | ) =932
b= <12.6—9.58>

Now we can calculate the new inertias IR
Iy =C+Rcos22.7° = 12.0 x 10° in?,
Iy = C —Rc0s22.7° = 7.18 x 10° in%,

Iyy = Rsin22.7° = 2.11 x 10° in*.

Iy =120 x10% in*, 7, = 7.18 x 10° in*, Iy = 2.11 x 10° in*.
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Problem 8.97 Solve Problem 8.91 by using Mohr’s Circle. v y

x'
0
- X
Solution: For Mohr’s circle we have the center, radius, and angle o
12.6 + 6.55
C= (%) x 10° = 9.58 x 10° in*, 6.55, 1.
12.6 — 6.55\? ’ C \
R= ¢<2> 4 (—=1.02)2 x 10° = 3.19 in®, / \
L | | ‘ Jh
) 102 \ 18.7
Oy=-tant | ———" ) =932
p=1n (12.6 - 9.58) R

12.6,-1.02

Now we can calculate the principal inertias

I1 =C+R=128x10° in?,

Iy =C—R=6.38x10°in%,

0p = 9.32°, principal moments of inertia are

1.28 x 108 in*, 6.38 x 10° in*.
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Problem 8.98* Solve Problem 8.92 by using Mohr’s

circle.

Solution: The moments and product of inertia are derived in terms (+)

of the xy coordinate system in the solution of Problem 8.92: 01%2 |

I, =77.91 x 105 mm* -

I, = 30.04 x 10° mm* 1 (779,108)

) 26 )

+ N N P
Iy = 10.75 x 10° mm*. \ /100
xy s 2\/ o106

. . . . 30.0, -10.8)"«
The Mobhr’s circle is: Measuring the 26 p, angle we estimate that 6p = "~

—12°, and the principle moments of inertia are approximately 81 x -
108 mm* and 28 x 108 mm* the orientation of the principal axes is L
shown in the solution of Problem 8.92. -50

0106

Problem 8.99 Derive Eq. (8.22) for the product of
inertia by using the same procedure we used to derive
Egs. (8.20) and (8.21).

Solution: Suppose that the area moments of inertia of the area A
are known in the coordinate system (x, y),

I, = /ysz,
JA

I, = / *2 dA, X

TooJa
and I, = /xyA.

TooJa

o ) o . Substitute into the definition:
The objective is to find the product of inertia in the new coordinate
system (x’, y’) in terms of the known moments of inertia. The new 5 -
(', ') system is formed from the old (x, y) system by rotation about 'y = (C0S” 6 —sin“6) /A xydA
the origin through a counterclockwise angle 6.
By definition, + (cos@sin ) (/ Y dA — /xz dA) ,

A A
Iy = /x/y/dA. from which
JA

From geometry, Ly = (c0s? 0 — sin® )y + (I — 1)) sin6 cos 6,

. hich is th ression required.
¥ = xcos6 + ysin, which is the expression required

and y = —xsinf + ycosé.

The product is

X'y =xycos?6 — xysin?6 + y2cosésind — x2 cos o siné.

(© 2008 Pearson Education South Asia PteLtd. All rightsreserved. Thispublicationis protected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

o

653




o

segments of the L-shaped slender bar. The mass of the
bar is 6 kg and the material is homogeneous. Use the
method described in Example 8.10 to determine is moment l

Problem 8.100 The axis Ly is perpendicular to both T

of inertia about L.

Solution: Use Example 8.10 as a model for this solution.

Introduce the coordinate system shown and divide the bar into two
parts as shown

2
X3

2
(o)1 = /rzdm:/ pAX? dx = pA—
. JO 3 0

(o) —§A
01—3/7

However my = pAl1 = (2pA).

Since part 1 is 2/3 of the length, its mass is 2/3(6 kg) = 4 kg. Part 2
has mass 2 kg.

For part 2, dm = pAdy and

r= /22+y2
. 1
(Io)2 = / 2 dm = / ,oA(Z2 + yz)dy
Jmy JO

¥ 13
(Io)2 = pA(4y + E) = ,oA?
0

13 8 21
TororaL = ?pA+ §/7A = gpA

(Io)ToTAL = 7pA

The total mass = 3pA = 6 kg

7
lorora. = 56 k9) - m? =7 kg m?
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Problem 8.101 Two homogenous slender bars, each n—
of mass m and length [, are welded together to form
the T-shaped object. Use integration to determine the
moment of inertia of the object about the axis through
point O that is perpendicular to the bars.

°
. |
Solution: Divide the object into two pieces, each corresponding |
to a slender bar of mass m; the first parallel to the y axis, the second
to the x axis. By definition
1
I:/ rzdm—',-/ 2 dm.
0 m
For the first bar, the differential mass is dm = pA dr. Assume that
the second bar is very slender, so that the mass is concentrated at a
distance / from O. Thus dm = pA dx, where x lies between the limits
l o l
——-=<x=_.
2772
The distance to a differential dx is r = +/12 4 x2. Thus the definition
becomes
o %
1= pA/ rzdr+pA/ . (1% +x%)dx 1
Jo J-3
37! ) w3112
=pA|=| +pA|[lIx+ -
3o 31
1 17
— 2 (= 1 _ 2
ml (3 +1+ 12) "
Problem 8.102 The slender bar lies in the x—y plane. y ~

Its mass is 6 kg and the material is homogeneous. Use
integration to determine its moment of inertia about the
Z axis.

2m

6 ki
m

«

Solution: The density is p =

im
IZ:/ px2dx
JO

=2 kg/m

w

am
+ / o[(L m + 5¢c0s50°)% + (sSin50°)?]ds
0

I, =15.14 kgm?

Problem 8.103 Use integration to determine the  Solution: See solution for 8.102
moment of inertia of the slender bar in Problem 8.102

. 1 m 2 M
about the y axis. I, = / pxldx + / p(L M+ 5c0850°)2ds = 12.01 kg m?
JO
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Problem 8.104 The homogeneous thin plate has mass y
m = 12 kg and dimensions b =2 m and 2 =1 m. Use
the procedure described in Active Example 8.9 to
determine the moments of inertia of the plate about the
x and y axes.

e

Solution: From Appendix B, the moments of inertia about the x |

and y axes are ‘ b
o= = b1, = S
T3 YT 3

Therefore the moments of inertia of the plate about the x and y axes
are

1 1 1
Laais = 21— <—b3> = Tgmh? = 512 kg)(L m)? = 0.667 kg-m’

A 1., \36 18
2
m m 1 1 1
Lyads = ~1y = T <%hb3> = 1—8me = 512 k)2 m)? = 2.67 kg-m?
2

Lais = 0.667 Kg-m2, I yayis = 2.67 kg-m?. ‘

Problem 8.105 The homogenous thin plate is of y
uniform thickness and mass m.
(a) Determine its moments of inertia about the x and z Ro
axes.
(b) Let R; =0, and compare your results with the ‘h
values given in Appendix C for a thin circular X
plate.
Solution:
R, Ro

(@) The area moments of inertia for a circular area are I, =1, =
4

R . .
”T. For the plate with a circular cutout, I, = %(Rﬁ —R%). The

. .. m . .
area mass density is T thus for the plate with a circular cut,

m_ Lz from which the moments of inertia
A m(RZ-R%)

mR*—RY m
Iy axis = m = Z(Rlz) ""R,'z)
0 1

m
I; axis = 21 axis = E(R(Z, +R,'2)~

(b) Let R; =0, to obtain

I axis = ZRE‘
m
Iz axis = ER(Z,,

which agrees with table entries.
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Problem 8.106 The homogenous thin plate is of y 1
uniform thickness and weighs 200 N. Determine its y=4—Zx2m
moment of inertia about the y axis.

Solution:
1
y=4-— sz m X

The plate’s area is

4 1
A= / (4 - 7x2> dx =213 m2.
4 4

The plate’s density per unit area is

§ = (200/9.81)/21.3 = 0.9558 kg/m?.

The moment of inertia about the y axis is dx
4 1
Iy axis = / 28 (4 - —x2> dx
4 4
= 65.3 kg-m?.

Problem 8.107 Determine the moment of inertia of the
plate in Problem 8.106 about the x axis.

Solution:  See the solution of Problem 8.106. The mass of the strip so the moment of inertia of the plate about the x axis is

element is

4 1 1 5 3 )
! 1 is) = 54— - dx = 74.6 kg-m*©.

M(strip) = & <4 - Zx2> dx. (x axis) /_4 3 < i ) X g

The moment of inertia of the strip about the x axis is

1 1,\?
I(strip) = gm(strip) <4 - sz>

Problem 8.108 The mass of the object is 10 kg. Its
moment of inertia about L, is 10 kg-mz. What is its
moment of inertia about L,? (The three axes lie in the
same plane.)

Solution: The strategy is to use the data to find the moment of ¢
inertia about L, from which the moment of inertia about L, can be
determined.

1L = —(0.6)2(10) + 10 = 6.4 m?, 0.6m 0.6m

from which 7, = (1.2)2(10) + 6.4 = 20.8 m?
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Problem 8.109 An engineer gathering data for the '
design of a maneuvering unit determines that the

astronaut’s center of mass isatx =1.01 m, y =0.16 m :
and that her moment of inertia about the z axis is : x'
105.6 kg-m?. Her mass is 81.6 kg. What is her moment S —— _

of inertia about the z’ axis through her center of mass? e

Solution: The distance d from the z axis to the Z’ axis is

d = +/(1.01)2 + (0.16)?

= 1.0226 m.

From the parallel-axis theorem,
I axisy = I (¢ axis) +d? m:

105.6 = I(; axis) + (1.0226)%(81.6).
Solving, we obtain

I axisy = 20.27 kg-m?.

Problem 8.110 Two homogenous slender bars, each of n—f
mass m and length [, are welded together to form the T-
shaped object. Use the parallel axis theorem to determine
the moment of inertia of the object about the axis through
point O that is perpendicular to the bars. ‘ A |

Solution: Divide the object into two pieces, each corresponding
to a bar of mass m. By definition

1
I:/ 2 dm.
JO

For the first bar, the differential mass is dm = pA dr, from which the
moment of inertia about one end is

! P 3 ! mi?
11 = pA dr=pA|—| = —.
1=n /0 nar=p {3}0 3
For the second bar
l L
/ A/? 24 " B2 mi?
= redr = — = —
2 =P '7% 12 3 7% 12

is the moment of inertia about the center of the bar. From the parallel
axis theorem, the moment of inertia about O is

; _m12+12 +mz?_17 2
°T 73 "t T "
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Problem 8.111 Use the parallel-axis theorem to deter-
mine the moment of inertia of the T-shaped object in
Problem 8.110 about the axis through the center of mass
of the object that is perpendicular to the two bars. (See
Active Example 8.11.)

Solution: The location of the center of mass of the object is x =

!
5)+1 3
w = —1. Use the results of Problem 8.110 for the moment

2m
of inertia of a bar about its center. For the first bar,

, 1\? +m12 72
=(=) m+—-—==—=mi°
1= \3 12 48

For the second bar,

; 1\? +m12 7
= — m —_— = —mi".
2= \a 12~ 18
The composite:

7 2
I.=11+1= zml

Problem 8.112 The mass of the homogenous slender y y
bar is 20 kg. Determine its moment of inertia about the ‘
z axis.

Solution: Divide the object into three segments. Part (1) isthe 1 m T
bar on the left, Part (2) is the 1.5 m horizontal segment, and Part (3) Im
is the segment on the far right. The mass density per unit length is l

m 20 \ \
M 2 _511kgm. 15m im
L (1+15+v2) ¢ \ \

p=

The moments of inertia about the centers of mass and the distances to
the centers of mass from the z axis are:

3 12
Part (1) I1=p (—1> = mll—lz = 0.426 kg-m?,

12
my = 5.11 kg,
di =05m,

Part (2), I, = pi—gz = mgi—%z = 1.437 kg- m?,
mp = 7.66 kg,

dy =+/0.752 +12 = 1.25 m

13 2)?
Part 3) I3= ,0*3 m3 (\i;)

= = = 1.204 kg-m?
12 g-m*,

m3 = 7.23 kg,

d3 =+/22 +0.52 = 2.062 m.

The composite:

[ =d}my + 11+ dmy + I + dgmg + I3 = 47.02 kg-m?
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Problem 8.113 Determine the moment of inertia of the
bar in Problem 8.112 about the 7" axis through its center
of mass.

Solution: The center of mass:

X — x1my + xamy + x3m3
20

0+ 0.75(7.66) + 2(7.23)

=1.01m.
20

_ 0.5m1 + 1my + 0.5m3
y= 20

_0.5(5.11) 4+ 1(7.66) + 0.5(7.23)

=0.692 m.
20

The distance from the z axis to the center of mass isd = /x2 +y2 =
1.224 m. The moment of inertia about the center o mass:

I. = _d2(20)+10

=17.1 kg-m?

Problem 8.114 The homogeneous slender bar weighs y y
5 N. Determine its moment of inertia about the z axis.

Solution: The Bar’s mass is m = 5/9.81 kg. Its length is

4cm
L=L1+Ly+L3=8++82+82+m(4) =319 cm.
The masses of the parts are therefore,
& X

L 8 5
m=2m={ ) =) =0.1279 kg.

L 31.9 9.81

Ly V2(64) 5 X

=Zm= —— | =0.1809 kg,

me=m < 319 ) <9.81> g } gcm }

L3 A 5
mz = Zm = <ﬁ> <m> = 0.2009 kg.

The center of mass of part 3 is located to the right of its center C a
distance 2R/ = 2(4)/m = 2.55 cm. The moment of inertia of part 3
about C is

/ P2 dm = mar? = (0.2009)(4Y = 3.2145 kg-cm?.
m3

The moment of inertia of part 3 about the center of mass of part 3 is
therefore

I3 = 3.2145— m3(2.55)2 = 1.9117 kg-cm?.
The moment of inertia of the bar about the z axis is
I axis) = 3m1L + YmpL? + I3 + m3[(8 + 2.55)% + (4)%]

—37.9 kg-cm? = 3.79 x 10 ~° kg-m?.
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Problem 8.115 Determine the moment of inertia of the
bar in Problem 8.114 about the 7’ axis through its center
of mass.

Solution: In the solution of Problem 8.114, it is shown that the
moment of inertia of the bar about the z axis is I axis) = 37.9 kg-cm?.
The x and y coordinates of the center of mass coincide with the
centroid of the axis:

_ Xal1 + XLy + X3Lg
L1+ Ly + L3

(4)(8)+ (4)V/8& +8 + {8 + %} m(4)
- =6.58
8+ V8 +82 +n(4) em:

_ yili +YaLa + Y3l
Ly + Ly + L3

_ 0+ @V B+ @) g
B+ VB 4n@

The moment of inertia about the z axis is

5
I axis) = 1z axis) — 2 +y?) <ﬁ> =11.3 kg-cm?.

Problem 8.116 The rocket is used for atmospheric
research. Its weight and its moment of inertia about the
z axis through its center of mass (including its fuel) are
50 kN and 13,770 kg-m?, respectively. The rocket’s
fuel weighs 30 kN, its center of mass is located at
x=-0.9m, y=0, z=0, and the moment of inertia of
the fuel about the axis through the fuel’s center of mass
parallel to z is 2970 kg-m 2 When the fuel is exhausted,
what is the rocket’s moment of inertia about the axis
through its new center of mass parallel to z?

Solution: Denote the moment of inertia of the empty rocket as Iz
about a center of mass xz, and the moment of inertia of the fuel as 75
about a mass center xr. Using the parallel axis theorem, the moment
of inertia of the filled rocket is

Ir =1g +x125mE +1Ir +x%mp,
about a mass center at the origin (xzg = 0). Solve:
— 2 2
IE —IR — XgME —IF — Xpmpg.
The objective is to determine values for the terms on the right from
the data given. Since the filled rocket has a mass center at the origin,

the mass center of the empty rocket is found from 0 = mgxg + mpxp,
from which

mr
xg=—|— | xF.
mg

Using a value of g = 9.81 m/s?,

mp = E 5000 _ 20581 k.
¢ 981
mp = Wr=Wr) _ 50,000 -30,000 _ 00020

g 9.81

From which
3058.1
= — (2038.4 ) (-0.9)=135m

is the new location of the center of mass. Substitute:

Ip =1 7x§mE —Ir 7x%mp
= 13770 — 3715.6 — 2970 — 2477.1

= 4607.3 kg-m?
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Problem 8.117 The mass of the homogenous thin plate Y

is 36 kg. Determine its moment of inertia about the x
axis. «~—04m—=~—04m—~

Solution: Divide the plate into two areas: the rectangle 0.4 m by
0.6 m on the left, and the rectangle 0.4 m by 0.3 m on the right. The 0.

mass density is p = % The area is

3

3

A = (0.4)(0.6) + (0.4)(0.3) = 0.36 m?, 0.

WO e WO

from which

36 2
p= 036 = 100 kg/m-.

The moment of inertia about the x axis is

I axis = p (%) (0.4)(0.6%) + p (3) (0.4)(0.3) = 3.24 kg-m?

Problem 8.118 Determine the moment of inertia of the
plate in Problem 8.117 about the z axis.

Solution: The basic relation to use is
I; axis = Iy axis + Iy axis-
The value of I, ais is given in the solution of Problem 8.117. The

moment of inertia about the y axis using the same divisions as in
Problem 8.117 and the parallel axis theorem is

1 1
Iy ais = p <§> (0.6)(0.4)° + p (E) (0.3)(0.4)°

+ (0.6)2p(0.3)(0.4) = 5.76 kg-m?,

from which

I; axis = Iy axis + Iy axis = 3.24 +5.76 = 9 kg-m*

Problem 8.119 The homogenous thin plate weighs y

10 N. Determine its moment of inertia about the x axis. 5cm 5 om—

Solution: Divide the area into two parts: the lower rectangle 5cm
by 10 cm and the upper triangle 5 cm base and 5 cm altitude. The mass

S w .
density is p = A The area is

1 10cm
A =5(10) + (3) 5(5) = 62.5 cm?,

Using g = 9.81 m/s?, the mass density is 5cm

p= ¥ _ 001631 kg/cm?2. X
gA

Using the parallel axis theorem, the moment of inertia about the x axis
is

1 1
I axis = p (§> (10)(5)% + p (£> (5)(5%)

5\% /1 )
+p <5+ 5) (§> (5)(5) = 16.14 kg-cm

Iy axis = 1.614 x 10~ kg-m?.
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Problem 8.120 Determine the moment of inertia of the
plate in Problem 8.119 about the y axis.

Solution: Use the results of the solution in Problem 8.119 for the
area and the mass density.

1 1
Iy axis = p <§> 5(10%) + p <%> 5(5%)

5 10\2 /1 55
+P<+€> <§> ®)

= 41.62 kg-cm? = 4.162 x 107> kg-m?

Problem 8.121 The thermal radiator (used to elimi-
nate excess heat from a satellite) can be modeled as a
homogenous, thin rectangular plate. Its mass is 80 kg.
Determine its moment of inertia about the x, y, and
7 axes.

0.9 m
Solution: The areais A = 2.7(0.9) = 2.43 m?. The mass density is l
m 80 2
= — =— =232. . .6
p=" =5 =32922 ky/m 0¢ m
X

The moment of inertia about the centroid of the rectangle is

1
Le=p (E) 2.7(0.9%) = 5.4 kg-m?,

Ie=p (1%) 0.9(2.7%) = 48.6 kg-m?.

Use the parallel axis theorem:

I axis = pA(0.64 0.45)2 4+ I, = 93.6 kg-m?,
Iy axis = pA(1.35—0.9)% + 1, = 64.8 kg-m?.

I; axis = Ix axis + 1 axis = 158.4 kg'm2
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Problem 8.122 The homogeneous cylinder has mass m, y
length I, and radius R. Use integration as described in
Example 8.13 to determine its moment of inertia about
the x axis.

Solution: The volume of the disk element is wR%dz and its mass is
dm = prR?dz, where p is the density of the cylinder. From Appendix
C, the moment of inertia of the disk element about the x" axis is

AL vais = ~dmR? = S (orR2dz)R?
Vaxis = o mR” = 4(,077 2)R.

Applying the parallel-axis theorem, the moment of inertia of the disk
element about the x axis is

U . 2 _} 2 2 2 2
dlaxis = dl yaxis + 2°dm = 4(/)7TR dz)R* + z°(pnR°dz)

Integrating this expression from z =0 to z =/ gives the moment of
inertia of the cylinder about the x axis.

Lr1 1 1
axis = / (—er4 + pﬂR2Z2> dz = —/)T[RAI + —,O7TR213.
0o \4 4 3

In terms of the mass of the cylinder m = p7R?I,

Lumis = mR2 4+ Emi2
xaxis = 4m 3m

Problem 8.123 The homogenous cone is of mass m. y
Determine its moment of inertia about the z axis, and
compare your result with the value given in Appendix C.
(See Example 8.13.) X

Solution: The differential mass R

_(m 2, _ 3m
dm-(v)nr dz—ﬁr dz. \
z

The moment of inertia of this disk about the z axis is %mrz. The radius
varies with z,

- (5):

from which

3mR% (" 3mR? [2° 3mR?
Izaxis=L5/ A {z } _ omi”
Y 0
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Problem 8.124 Determine the moments of inertia of
the homogenous cone in Problem 8.123 about the x and
y axes, and compare your results with the values given
in Appendix C.

. 3
Solution: The mass density is p = M _ 2™ The differential
V. nR%h

element of mass is dm = pmr?dz. The moment of inertia of this
elemental disk about an axis through its center of mass, parallel to
the x- and y-axes, is

dl, = (%) r2dm.

Use the parallel axis theorem,

IX:/ (%)rzdm+/z2din.
m Jm

R
Noting that r = 7o then

7R
r2dm = p (7) 7 dz,

RZ
and 22dm = p (%) Adz.

Substitute:

7TR4 oh 7TR2 rh
I,=p (W) /0 z4dz+p <h7> /0 A dz.

Integrating and collecting terms:

3mR2 3m\ [5]" 3 3
Li=("% 4+ ) || =m(==R?+ Zh?).
: <4h5 +h3>[5]0 mioR 5

By symmetry, I, = I,
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Problem 8.125 The mass of the homogeneous wedge y |
is m. Use integration as described in Example 8.13 to |
determine its moment of inertia about the z axis. (Your :
answer should be in terms of m, a, b, and h.) | -
________ |__d|.

|

Solution: Consider a triangular element of the wedge of thickness N P

dz. The mass of the element is the product of the density p of the S
material and the volume of the element, dm = p%bhdz. The moments N
of inertia of the triangular element about the x” and y* axes are given \ﬁb 4\
by Egs. (8.30) and (8.31) in terms of the mass of the element, its z

triangular area, and the moments of inertia of the triangular area:

1

Al vage = 1 = s Loy = Lomda

vais = —= L= —7 (E )—EV z,
Sbh

1
dm , PaPhdz 1 1
== (Chb®) = - rhbdz,

¥ 1 ’
A Lo 4 4

dly’axis =

The moment of inertia of this thin plate about the z axis is
1 .3 1.3
dlaxis = dlvaxis + dl yaxis = prh dz+ thh dz.

Integrating this expression from z = 0 to z = a gives the moment of
inertia of the wedge about the z axis:

I —/ ! bh3+1hb3 dz = ! bh® +1hb3
zaxis = 0 120 4,0 Z—lz,o a 4,0 a.

In terms of the mass m = p3bha,

1 1
Laxis = gmh2 + Emhz.
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Problem 8.126 The mass of the homogeneous wedge y |
is m. Use integration as described in Example 8.13 to |
determine its moment of inertia about the x axis. (Your :
answer should be in terms of m, a, b, and h.) | -
________ |__d!.

|

Solution: Consider a triangular element of the wedge of thickness N -

dz. The mass of the element is the product of the density p of the S
material and the volume of the element, dm = p%bhdz. The moments N
of inertia of the triangular element about the x* axis is given by Eq. \ﬁbg\
(8.30) in terms of the mass of the element, its triangular area, and the z

moments of inertia of the triangular area:

1
dlomis = 21 = pibhdz(ibh% LAY
x'axis = A ¥ =T 36 = 36” 2,
Sbh

Applying the parallel-axis theorem, the moment of inertia of the
triangular element about the x axis is

1
dlxaxis = dl yaxis + {zz + (ghﬂ dm

L opia +[2+(lh)2] L pnaz = L pprdaz + X pphza
= ggt Tl g P Ohdz = pORdL T 5 pORL Az

Integrating this expression from z = 0 to z = a gives the moment of
inertia of the wedge about the x axis:

I / 1bh3+1bh2d 1bh3+1bh3
= = - = — a+ - a.
xaxis Jo 12/) 2'0 < < 12/0 6/’

In terms of the mass m = p3bha,

1
Liaxis = ~mh? + Zma®.

6 3

Problem 8.127 In Example 8.12, suppose that part of
the 3-kg bar is sawed off so that the bar is 0.4 m long
and its mass is 2 kg. Determine the moment of inertia
of the composite object about the perpendicular axis L
through the center of mass of the modified object. 06m A

=Y

Solution: The mass of the disk is 2 kg. Measuring from the left
end of the rod, we locate the center of mass

(2 kg)(0.2 m) + (2 kg)(0.6 m) _

0.4 m.
(2 kg) + (2 kg) m

X =

The center of mass is located at the point where the rod and disk are
connected. The moment of inertia is

I= %(2 kg)(0.4 m)? + {%(2 kg)(0.2 m) + (2 kg)(0.2 m)2}

I =0.227 kg-m?.
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Problem 8.128 The L-shaped machine part is com- y
posed of two homogeneous bars. Bar 1 is tungsten alloy
with mass density 14,000 kg/m®, and bar 2 is steel IS
with mass density 7800 kg/m°. Determine its moment :
of inertia about the x axis. 240 mm| | .
|
\ | 40 mm
\ | re
80 mm )\\ 2
Solution: The masses of the bars are > AN /
N
~ 4
my = (14,000)(0.24)(0.08)(0.04) = 10.75 kg z //\ \\\ 80mm
240 mm N /
my = (7800)(0.24)(0.08)(0.04) = 5.99 kg. /x
Using Appendix C and the parallel axis theorem the moments of inertia / X

of the parts about the x axis are

1
Iix axis)l = Eml[(o.o4)2 + (0.24)2] + m1(0.12)? = 0.2079 kg-m?,

1
Iix axisyy = Emz[(o.04)2 + (0.08)2] + m(0.04)%2 = 0.0136 kg-m?.

Therefore

Ix axis) = 1 (x axis)1 + 1 (x axis)2 = 0.221 kg'mz
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Problem 8.129 The homogeneous object is a cone y
with a conical hole. The dimensions Ry =2 cm, R,=
lcm, hy =6 cm, and A, =3 cm. It consists of an
aluminum alloy with a density of 2700 kg/m3 Determine
its moment of inertia about the x axis.

/

Solution: The density of the material is

p =2700 kg/m?®.

The volume of the conical object without the conical hole is

1 1
Vi = éanhl = én(z cm)®(6 cm) = 25.1 cm?.

The mass of the conical object without the conical hole ism; = pVy =
0.0678 kg. From Appendix C, the moment of inertia of the conical
object without the conical hole about the x axis is

_ 3 2 3 2
)1 =m (ghl + %Rl)

= (0.0678 kg) E(e cm)? + %(z cm)?| = 1.505 kg-cm?

The volume of the conical hole is

1 1
Vo= énRghz = 37(lem ¥ (3cm) = 3.14 cm®

The mass of the material that would occupy the conical hole is m; =
pV2 =8.478 x 10 3 kg. The z coordinate of the center of mass of the
material that would occupy the conical hole is

3 3
z=h; —hy+ th =6cm-—3cm+ Z(3 cm) = 5.25 cm.
Using Appendix C and applying the parallel-axis theorem, the moment
of inertia about the x axis of the material that would occupy the conical
hole is

3 3 _
Ux)2 = mz(%hg + Z—ORg) +7%my = 0.238 kg-cm?.

The moment of inertia of the conical object with the conical hole is

I, = (I)1 — (I) = 1.267 kg-cm?.

I, = 1.267 kg-cm?
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Problem 8.130 The circular cylinder is made of y
aluminum (Al) with density 2700 kg/m® and iron (Fe)
with density 7860 kg/m®. Determine its moments of
inertia about the x" and y’ axes.

Solution: We have paj = 2700 kg/m®, pre = 7860 kg/m®

We first locate the center of mass

oa1([0.1 m]?[0.6 m])(0.3 m) 4 pre(x[0.1 M]?[0.6 m])(0.9 m)
pa1([0.1 m]2[0.6 M]) + pre(7r[0.1 M]2[0.6 m])

X =

=0.747m
We also have the masses
mai = pair(0.1 M)? (0.6 m), mre = prer(0.1 m)* (0.6 m)

Now find the moments of inertia

1 1
Iy = EmA.(o.l m)% + EmFe(o.l m)% = 0.995 kg m?

Iy = ma <[0.6 m]? N [0.1 m]?

- 2
o 7 ) + ma(x — 0.3 m)

2 2
| e ([0.6 m] 4 [0.1 m]

o 7 ) + mpe(0.9 m — X)?

=20.1 kgm?

Problem 8.131 The homogenous half-cylinder is of
mass m. Determine its moment of inertia about the axis
L through its center of mass.

Solution: The centroid of the half cylinder is located a distance ‘FT#‘
4R
of <3— from the edge diameter. The strategy is to use the parallel
T

axis theorem to treat the moment of inertia of a complete cylinder as
the sum of the moments of inertia for the two half cylinders. From
Problem 8.118, the moment of inertia about the geometric axis for a
cylinder is 1., = mR?, where m is one half the mass of the cylinder.

By the parallel axis theorem,

((52) )
I =2 — | m+1Iy .
3

Solve

In, =

|
VRS
%
NS
|
R
w‘-b
=
~—
N
~
Il
A/~
N‘i
N
|
A/~
©
=
g5
~—
3
=
N
~—
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Problem 8.132 The homogeneous machine part is
made of aluminum alloy with density p = 2800 kg/m?.
Determine its moment of inertia about the z axis.

Solution: We divide the machine part into the 3 parts shown: (The
dimension into the page is 0.04 m). The masses of the parts are

my = (2800)(0.12)(0.08)(0.04) = 1.075 kg,
ma = (2800)37(0.04)%(0.04) = 0.281 kg,

m3 = (2800)7(0.02)?(0.04) = 0.141 kg.

Using Appendix C and the parallel axis theorem the moment of inertia
of part 1 about the z axis is

1
I axist = Eml[(o.os)2 + (0.12)] + m1(0.06)2

= 0.00573 kg-m?.

The moment of inertia of part 2 about the axis through the center C
that is parallel to the z axis is

%msz = %mz(0.04)2.
The distance along the x axis from C to the center of mass of part 2 is

4(0.04)/(37) = 0.0170 m.

Therefore, the moment of inertia of part 2 about the z axis through its
center of mass that is parallel to the axis is

$m(0.04)? — m7(0.0170)2 = 0.000144 kg-m?.

y y
20 mm 1T
X Z
40 mm -
‘<—120 mm—»‘ \«—»\
40
mm
y
'.._ o.r%z ..{
0.08} 1 X
m
i
y + y
'.0.12 M~er]
S LA I NI
po2m—Nboam N owm

Using this result, the moment of inertia of part 2 about the z axis is

Iz axis2 = 0.000144 + my(0.12 4 0.017)2 = 0.00543 kg-m?.

The moment of inertia of the material that would occupy the hole 3
about the z axis is

I(; axisys = $m3(0.02)? 4+ m3(0.12)? = 0.00205 kg-m?.
Therefore I, axis) = 1(; axisn + 1z axisy2 — Iz axis)3

=0.00911 kg-m?.

Problem 8.133 Determine the moment of inertia of the
machine part in Problem 8.132 about the x axis.

Solution: We divide the machine part into the 3 parts shown in
the solution to Problem 8.132. Using Appendix C and the parallel axis
theorem, the moments of inertia of the parts about the x axis are:

1
I axis)l = Eml[(o.oa)2 + (0.04)2] = 0.0007168 kg-m?
I axisy = ! (0.04)? + L (0.04)2

(x axis)2 = M2 2 2\

= 0.0001501 kg-m?

I ! (0.04)%2 + ! (0.02)2

x axis)3 = m3 | — (0. —(0.

(x axis)3 3 12 4

= 0.0000328 kg-m?.

Therefore, Iy axisy = I (x axis)l + I (x axis), — I (x axis)3

= 0.000834 kg-m?.
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Problem 8.134 The object consists of steel of density 20 mm
p = 7800 kg/m®. Determine its moment of inertia about
the axis Lo. O i ¢
i 100 mm
Solution: Divide the object into four parts: Part (1) The semi-
cylinder of radius R = 0.02 m, height 23 = 0.01 m. L | B
Part (2): The rectangular solid L=0.1m by & =0.01 m by w= 10 r?m l | i | ?10 mm
0.04 m. Part (3): The semi-cylinder of radius R=0.02m, i = Lo -
0.01 m. Part (4) The cylinder of radius R =0.02 m, height h =
0.03 m.
Part (1)
pRZhy
m; = ——— = 0.049 kg,
miR? -6 2
11=T =4.9 x 107° kg-m*,
Part (2):

my = pwLhy = 0.312 kg,

1 L\?
I = <E> ma(L? +w?) + my <§> = 0.00108 kg-m’.
Part (3)

m3 = my = 0.049 kg,

I3 =— <g—§>2m2 +11 +m3 <L - g)z = 0.00041179 kg m?.
Part (4)

my = pwR?*h = 0.294 kg,

14 = (3) ma(R?) + myL? = 0.003 kg m?.

The composite:

Ito =11+ 12 — I3+ 14 = 0.003674 kg m?

Problem 8.135 Determine the moment of inertia of
the object in Problem 8.134 about the axis through the
center of mass of the object parallel to L.

Solution: The center of mass is located relative to Ly

4R 4R
my (——) + m2(0.05) — m3 (0.1 — —) + mq(0.1)
3 3

my + mp — m3 + ny

X =

=0.066 m,

I. = —X2m + I, = —0.00265 + 0.00367 = 0.00102 kg m?
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Problem 8.136 The thick plate consists of steel of y
density p = 7800 kg/m°. Determine its moment of inertia
about the z axis.

N
o —|
3

2Ccm

Solution: Divide the object into three parts: Part (1) the rectangle
8 cm by 16 cm, Parts (2) & (3) the cylindrical cut outs. Part (1):

g
-
N
-
N
|

my = p0.08(0.16)(0.04) = 3.994 kg.

4cm 8cm 4cm 4 cm

1
I = <E> m1(0.1624 0.082) = 0.01065 kg-m?

Part (2):
my = pr(0.022)(0.04) = 0.3921 kg,

0.022
I = ’%) + my(0.042) = 0.0007057 kg-m?

Part (3):

m3 = my = 0.3921 kg,

I3 = I, = 0.0007057 kg-m?.
The composite:

I; ais = I1 — 21 = 0.00924 kg-m?

Problem 8.137 Determine the moment of inertia of the
plate in Problem 8.136 about the x axis.

Solution: Use the same divisions of the object as in
Problem 8.136.

Part (1):
Iy axis = 1 0.082 4 0.042) = 0.002662 kg-m?
Leadis = | 75 ma (0. +0.04) = 0. g-m<,
Part (2):

12

1
oy axis = (—) m2(3(0.022) + 0.042) = 9.148 x 105 kg-m2.

The composite:

I axis = I1x axis — 2I2x axis = 0.00248 kg-mz
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Problem 8.138 Determine 7, and k,. y

(L
Solution:

—y2
y=X
1 x2 1 1 \
dA:dxdyA:/ dx/ dy:/ Pdx=Z.
0 0 0 3

2

1 X 1 X5 1
I\,:/xsz:/xzdx/ dy:/x4dx:{ } = - X
T Jo Jo Jo 5]l 9
I, 3
ke =4/2 =4/
Y=V ﬁ

Problem 8.139 Determine 7, and k.

Solution: (See figure in Problem 8.138.) dA = dxd.y,

g -1 x? 1 /1L
IX=/y2dA=/ dx/ yzdy=7/ x®dx
Ja Jo o 3 Jo

Problem 8.140 Determine J, and ko.

Solution: (See figure in Problem 8.138.)

1 1 26
Jo=ltly=5%51= 105

3 1 26
ko= /kK2+k2=/=+==1/—
o=y th=\V5t7= 35

Problem 8.141 Determine I,,.

Solution: (See figure in Problem 8.138.) dA = dxdy

. 1 ox2
Iy = /xydA:/ xdx/ ydy
ToJa Jo Jo

1 15 1 611 1
== dx = — ==
2/0)‘ = h=3
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Problem 8.142 Determine I, and k,. y

Solution: By definition,

Iy = /xz dA.
A

The element of area is dA = dxdy. The limits on the variable x are X
0 <x <4. The area is

4 x—x2/4 2 314
A:/ dx/ dy = {x— - x—} — 2.6667
0 0 2 12,

4 x—x2 /4 4 2
IV:/ xzdx/ dy:/ <x——>x2dx
- Jo Jo Jo 4

x4 )C5 4
=|——-—=| =128
%~ %),
from which
I,
ky=4/=2 =219
: A

Problem 8.143 Determine I, and k,.

Solution: By definition,

I, = / Y2 dA,
A

from which

4 x—x2 /4 1 4
IX:/ dx/ yzdy:<7>/ <x—x—> dx
0 0 3/ Jo 4

1 4 3 3 7
L=(z) 228y 236 | — 06095
3)4 200 "o a8,

From Problem 8.142,

~

X —0.4781

A =2667, ke =1/ =
A

Problem 8.144 Determine I,,.

Solution:

Iy = /xydA,
’ JA
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Problem 8.145 Determine I, and k. y
Solution: The limits on the variable x are 0 < x < 4. By definition, y
—_y_ 1,2
4 x—x2/4 y=X-2

Ay:/ydA:/ dx/ ydy

A 0 0

< X
2

L2 x

1 Bt xP
=|lz]|l=—-=+=| =1 7.
<2) {3 8 + SOL 0666

From Problem 8.142 the area is A = 2.667, from which y = 0.3999 =
0.4. Similarly,

4 X—Xx2/4
AX:/ xdx/ dy
0 0
4 2 3 414
=/x =S V= |t -2 | 53333
Jo 4 3 16],

from which x =1.9999 = 2. The area moment of inertia is /,, =
—X2A + I,,. Using the result of Problem 8.142, I, = 12.8, from which
the area moment of inertia about the centroid is

Iy = —10.6666 + 12.8 = 2.133

T
and ky = Ai — 0.8944

Problem 8.146 Determine I, and k.

Solution: Using the results of Problems 8.143 and 8.145, I, =
0.6095 and y = 0.4. The area moment of inertia about the centroid is

Iy = —y?A +1, = 0.1828

7.
* — 0.2618

and ky = X

Problem 8.147 Determine I,

Solution: From Problems 8.143 and 8.144, I,, = 2.133 and x =
2,y = 0.4. The product of the moment of inertia about the centroid is

Iyy = —XxyA+1I,, =—-2133+2133=0
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Problem 8.148 Determine I, and k,. y
Solution: Divide the section into two parts: Part (1) is the upper
rectangle 40 mm by 200 mm, Part (2) is the lower rectangle, 160 mm 40
by 40 mm. mm
Part (1) A; = 0.040(0.200) = 0.008 m?,
y1 =0.180 m 160
mm
Xy =0,
Iy = (i) 0.04(0.2)° = 2.6667 x 10~5m*. X
’ 12 . 8 40| 80 |
mm~—"| mm [~ mm

Part (2): A2 = (0.04)(0.16) = 0.0064 m?,
y2 = 0.08 m,
X2 =0,
Iy = (1—12) (0.16)(0.04)° = 8.5 x 10~7 m*.
The composite:
A =A;+ Ay =0.0144 m?,
Iy =1y +1yp,

Iy =2.752 x 1075m* = 2.752 x 10" mm*,

I,
Y — 0.0437 m = 43.7 mm

and k, = "

Problem 8.149 Determine I, and k, for the area in
Problem 8.148.

Solution: Use the results in the solution to Problem 8.148. Part (1)
A1 = 0.040(0.200) = 0.008 m?,

y1 = 0.180 m,

Iy = (1—12> 0.2(0.04%) + (0.18)?A1 = 2.603 x 10~*m*.
Part (2):

Ay = (0.04)(0.16) = 0.0064 m?,

Yo = 0.08 m,
1
o= (E) (0.04)(0.16)° + (0.08)?A, = 5.461 x 1075 m*.

The composite: A = A; + Az = 0.0144 m?, The area moment of
inertia about the x axis is

I, =1+ 10 =315 x 10~* m* = 3.15 x 108 mm*,

I

and k, = 1/ — = 0.1479 m = 147.9 mm

A
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Problem 8.150 Determine I, and k,. y
Solution: Use the results of the solutions to Problems 8.148— l
8.149. The centroid is located relative to the base at n‘;r%
X141 + X2A2 X
=T = 0,
A1 + Y24 160
yo = PV 1356 m, mm
A
The moment of inertia about the x axis is
) . . 80 40 80
I = —yzA+1Ix =5.028 x 10" mm T mmTT mm [T mm
I)CC
and ky. = T 59.1 mm

Problem 8.151 Determine Jo and ko for the area in
Problem 8.150.

Solution: Use the results of the solutions to Problems 8.148—
8.149. The area moments of inertia about the centroid are

I =5.028 x 1075 m*
and I, =1, = 2.752 x 1075 m%,
from which

Jo =1l +1y =778 x107°> m* = 7.78 x 10" mm*

and ko = 1/1170 =0.0735m

=735 mm

Problem 8.152 Determine I, and k,. y

Solution: For a semicircle about a diameter:

1 4
Iy =1lu= (g |k o

I, = (%) 4yt — <%>n(2)4: %(44—24>:94.25 cm?, 4cm

21,
ky =4/ —5—"—5 =2.236 cm
YTV ma? - 22)
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Problem 8.153 Determine J, and kq. for the area in
Problem 8.152.

Solution: For a semicircle:

1 4
ILy=1luw= (g |k

%(44 —2%) = 94.248 cm?.

Iy

21,

————— =2.236 cm.
(42 — 22)

ky =
Also use the solution to Problem 8.152.
Jo =1, +1, =2(94.248) = 188.5 cm*

2Jo
ko =/ —5——=-=3.16cm
07\ n@2 =22

Problem 8.154 Determine I, and k,.

Solution: Break the area into three parts: Part (1) The rectangle
with base 2a and altitude &; Part (2) The triangle on the right with
base (b — @) and altitude &, and Part (3) The triangle on the left with
base (b — a) and altitude &. Part (1) The area is

Ay = 2ah = 24 m?.

The centroid is
X1 = 0
h
and y; = 7= 3m.

The area moment of inertia about the centroid is

Il = <%> QRa)h® = (%) ah® =72 m*.

Part (2): Ay = <%) h(b — a) =3 m?,

b_
X2=a+Ta —23333m,

2
Y2 = <§>h:4m,

1
= -— _ 3 = 4
T2 = (36) (b—a)h 6 m*.
Part (3): Az = Ay,

X3 = —X2, Y3 =Y2, Ix3 = Ixc2.

The composite area is

A=A1+As +A; =30 m?.

~—3 M—={=—3 M—=

2m | 2m

y

L‘-b"ﬂ

X

1"

The composite moment of inertia

Iy = (Y1)?A1 + Ly + (¥2)?A2 + Lz + (¥3)?A3 + L s,

I, =396 m*

[T, /396
ke=4/= =4/ = =3.633m
A 30
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Problem 8.155 Determine I, and k, for the area in
Problem 8.154.

Solution: Divide the area as in the solution to Problem 8.154.
Part (1) The area is Aj = 2ah = 24 m2. The centroid isx; = 0 and

y1 = 5= 3 m. The area moment of inertia about the centroid is

1 2
= —_— 3 = — 3 = 4
Iyl = (12> h(2a) (3) ha 32 m

Part (2): Ay = (%) h(b—a)=3m?,

b_
x2:a+T“ —23333m,

2
YZ=(§>h=4m,

1
Iy = <%> h(b — a)® = 0.1667 m*.

Part (3): A3 = Ay,

X3 = —X2, Y3 =Y2, ]y<,‘3 = [y(:Z~
The composite area is

A=A1+ Ay + Ay =30 m?,

The composite moment of inertia,

Iy =x2A1 + Iyt + X342 + Iyeo + X543 + Lyea,

I, =65m?
I,
and ky =4/ —= =1.472m
- A

Problem 8.156 The moments of inertia of the area are y
I, =36m* I, =145m* and I,, = 44.25 m*. Deter-
mine a set of principal axes and the principal moment

of inertia. ~—3 m#%““%

Solution: The principal angle is l
X

1 21,y
6= (= )tan ! | —2- ) =1954.
2 I, —1,

The principal moments of inertia are

Ip = 1,€08% 0 — 2, sin6cosf + I, sin? 6 = 20.298 = 20.3 m*

Iyp = 1I,sin?6 + 21, sin0cosf 4 I, cos? 6 = 160.70 m*
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Problem 8.157 The moment of inertia of the 0.88 kg bat
about a perpendicular axis through point B is 0.122 kg-
m?2. What is the bat’s moment of inertia about a perpen-
dicular axis through point A? (Point A is the bat’s “instan-
taneous center,” or center of rotation, at the instant shown.)

300 mm

300 mm

Solution:

Use the parallel axis theorem to obtain the moment of inertia about the
center of mass C, and then use the parallel axis theorem to translate
to the point A.

Ic = —(0.3)> m=0.04280 kg-m?

Ix = (0.3 + 0.35)° M + 0.04280 = 0.415 kg-m?

Problem 8.158 The mass of the thin homogenous plate
is 4 kg. Determine its moment of inertia about the y axis.

Solution: Divide the object into two parts: Part (1) is the semi-
circle of radius 100 mm, and Part (2) is the rectangle 200 mm by
280 mm. The area of Part (1)

R2
AL = ﬂT — 15708 mm2.

The area of Part (2) is

Ay = 280(200) = 56000 mmZ.

The composite area is A = A, — A; = 40292 mm?. The area mass
density is

4
p== 9.9275 x 1075 kg/mm?.
For Part (1) x; =y1 =0,
1 4 2

Iy]_ =p g 7R* = 3898.5 kg-mm-.
For Part (2) X, = 100 mm.

2 1 3 2
Iy =X5pA2 + p - (280)(200°) = 74125.5 kg-mm~.

The composite:

Iy =1y — 1,1 = 70226 kg-mm? = 0.070226 kg-m?

—_

100 mm 140 mm

140 mm

-

[+=—200 mm —»|
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Problem 8.159 Determine the moment of inertia of the
plate in Problem 8.158 about the z axis.

Solution: Use the same division of the parts and the results of the
solution to Problem 8.158. For Part (1),

1
La=p (§> 7R* = 3898.5 kg-mm?.
For Part (2)

1 3 2
Iyo=p v (200)(280°) = 36321.5 kg-mm*~.

The composite: I, = I,» — I,1 = 32423 kg-mm?,
from which, using the result of the solution to Problem 8.158

I. =1, +1, = 32422 4+ 70226 = 102649 kg-mm?

= 0.10265 kg-m?

Problem 8.160 The homogenous pyramid is of mass m.
Determine its moment of inertia about the z axis.

Solution: The mass density is

_m 3m
P=V T v

The differential mass is dm = pw? dz. The moment of inertia of this
element about the z axis is

all—1 2d
z—6wm.

Noting that w = % then

4 2
_ w 4, mwe
dlz_p<@>z dz—ﬁz dz.

Integrating:

2 h
mw 1
I axis = (72}!5 ) /0 Hdz = Emw2

Problem 8.161 Determine the moment of inertia of the
homogenous pyramid in Problem 8.160 about the x and
y axes.

Solution: Use the results of the solution of Problem 8.160 for the
mass density. The elemental disk is dm = pw? dz. The moment of
inertia about an axis through its center of mass parallel to the x axis is

1
dlxy = (E) »? dm.

Use the parallel axis theorem:

1
Iy axis = | — ?dm+ | Zdm.
12) Jm m

Noting that w = %z, the integral is

4 rh 2 oh
pW 4 oW 4
— d — dz.
21 /0 z' dz+ 2 /0 z dz
Integrating and collecting terms

1 3
I axis =m <EWZ + §h2> .

Iy axis =

By symmetry, I axis = I axis
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Problem 8.162 The homogenous object weighs y
400 N. Determine its moment of inertia about the x axis. ‘

Solution: The volumes are y— R

Vey = (46)7(9)? = 11,706 cm®, \ >90m

162 3 }\\ X |
Veone = 37(6)7(36) = 1357 cm”, 36cm 46 cm

SO V = Vey — Veone = 10,348 cm®.

The masses of the solid cylinder and the material that would occupy
the conical hole are

Vew\ [ 400
o = ) = 46.122 kg,
ey ( v )(9.81> g

% 400
Mcone = ( tne) (@) = 5.348 kg.

Using results from Appendix C,

1 3
I (x axis) = 5 myyl(g)z 10 Meone (6)?

= 1810 kg-cm?

Problem 8.163 Determine the moments of inertia of
the object in Problem 8.162 about the y and z axes.

Solution:  See the solution of Problem 8.162. The position of the
center of mass of the material that would occupy the conical hole is

X = (46 — 36) + %(36) =37 cm.

From Appendix C, l X |

Ly wisone = maone | o (36 + 5 (672

= 288.77 kg-cm?.
The moment of inertia about the y axis for the composite object is
Ly axis) = Mey [3(46)% + 3(9)2]

- (I(y/ axis)cone 1 szcone)

= 25856 kg-cm?
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Problem 8.164 Determine the moment of inertia of the
14-kg flywheel about the axis L.

50 mm
- L
F F*lOO mm
150 mm

Solution: The flywheel can be treated as a composite of the objects
shown:

The volumes are

V1 = (150)7(250)2 = 294.5 x 10° mmd,

Vo = (150)7(220)? = 228.08 x 10° mmd,
V3 = (50)7(220)% = 76.03 x 10° mm3,
V4 = (50)7(60)? = 5.65 x 10° mm3,

Vs = (100)7(60)? = 11.31 x 10° mm3,

Ve = (100)7(35)% = 3.85 x 10° mmd.

The volume
V=V -Vy+V3-Vs+4+Vs—-Vs

= 144.3 x 10° mm?,
so0 the density is

14
b=7, = 9.704 x 10~7 kg/mmd.

The moment of inertia is
I, = }8V1(250)% — $6V5(220)?
+ 18V3(220)% — 16V4(60)2
+ 15V5(60)% — $6V6(35)2
= 536,800 kg-mm?

= 0.5368 kg-m?.
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