o

Problem 7.1 In Active Example 7.1, Suppose that the ~ Solution: The height of the vertical stripish — (h/b) x so the area
triangular area is oriented as shown. Use integration to ;¢ ;4 (h B ﬁx> dx. Use this expression to evaluate Eq (7.6).
determine the x and y coordinates of its centroid. (Notice b

that you already know the answers based on the resultS  The x coordinate of the centroid is
of Active Example 7.1.)

dA (=) a L.
y )_C_/Ax _/ox ") M2 Ty b

- = = > 3
/dA / (h—ﬁx> dx h _x
Ja Jo b 2b]q

1 h
T The y coordinate of the midpoint of the vertical stripish — > <h — Zx> =
h

1
> (h—i— Zx) We let this value be the value of y in Eq. (7.7):

X b 2 3
1 h h h X
b | dA S(h+-x) (h—=x)d —{——}
3 /A}d ,/0 2< bx>< bx . 2 . 32 0

= = b

j: b
h 2
/dA / (h— —x) dx hlx — X
JA 0 b 2b g

Problem 7.2 In Example 7.2, suppose that the areais  Solution: The height of the vertical strip is 1 — x?, so the area is
redefined as shown. Determine the x coordinate of the  dA = (1 —x?) dx. Use this expression to evaluate Eq. (7.6).

centroid. The x coordinate of the centroid is
y 1 2 2
y=1 ) /AW‘ /0 MmOy [E*ZL 3
/ .1 ¥ = = Jo = =3
/dA /(1—x2)dA =X
A 0 3 0
_ 3
X=Z
8
y=x
X

Problem 7.3 In Example 7.2, suppose that the areais ~ Solution: The height of the vertical strip is 1 — x?, so the area is
redefined as shown. Determine the y coordinate of the — dA = (1—x?) dx.
centroid. The y coordinate of the midpoint of the vertical strip is

1 1(1 2)—1<1+ 2)
2 X —2 X7).

y
y=1 @) We let this be the value of y in Eq. (7.7):
1 5
Lags? 2 r_ox
~ /A}dA /0 5(1+x)(l—x)x [2 10}0 3
}': - = 1 = 3 1 :E
/dA /(l—xz)dA _x
JA Jo 3 0
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Problem 7.4 Determine the centroid of the area Solution: The height of avertical strip of width dx isx2 — x + 1,
s0 the area is dA = (x> — x + 1) dx. Use this expression to evaluate
y Eq. (7.6).

The x coordinate of the centroid is

1 X
/di / x(xz—x-i-l)x {
A =40 = 0 —125

X=

1
The y coordinate of the midpoint of the vertical strip is > (2 —x+1).
We let this be the value of y in Eq. (7.7):

/ydA / P —x+1°%x
Ja _Jo 2

y=

X - 1
2 /dA /(xz—x+1)dA
A 0
125 2 2
5{%‘7“3‘)‘2”}
= ——=2=0825
)C3 )C2+
- — = +x
3 2 0

Problem 7.5 Determine the coordinates of the centroid y
of the area.

Solution: Use a vertical strip - The equation of the line is y = [
8-3 6
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Problem 7.6 Determine the x coordinate of the  Solution:
centroid of the area and compare your answers to the

) i N b pex” ch 1
values given in Appendix B. A= / / dydx = provided that n > —1
Jo Jo n+1
1 bt b(n+1
)_C:_/ / xdydx = n+1)
A 0 Jo n+2

Matches the appendix

Problem 7.7 Determinethe y coordinate of the centroid Solution:  See solution to 7.6

of the area and compare your answer to the value given —

. L 1 o b'c(n+1)

in Appendix B. ¥ = 7/ / ydydx = ——"~
A Jo Jo dn +2

Matches the appendix

Problem 7.8 Supposethat an art student wantsto paint  Solution: The area:

a panel of wood as shown, with the horizontal and

vertical lines passing through the centroid of the painted 1 3 X% 3
area, and asks you to determine the coordinates of the 4~ /0 o +a)dx = {* + ZL '
centroid. What are they?

1

y The x-coordinate:
| 1 M3 511
3 X X 8
dr=|=+=| = —.
/Ox(erx)x 73+5L 15
. ] 32
Divide by the area: | x = i 0.711

The y-coordinate: The element of area is dA = (1 — x)dy. Note that
dy = (1+ 3x2)dx, hence dA = (1 — x)(1 + 3x?)dx. Thus

1
yA:/ydA: / (x + 231 — )1 + 3x?) dx,
A JO

from which

1
/ (x—x2+4x3—4x4+3x5—3x6)dx
0

+ = 0.4381.

Divide by A

ol w
|
~Nw

g
5

NI -
|
Wl
Bl
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Problem 7.9 Determine the value of the constant ¢ so Solution: The height of a vertical strip of width dx is cx? so the
that the y coordinate of the centroid of the areaisy = 2.  aeaisdA = x® dx.
) - s
What is the x coordinate of the centroid? The y coordinate of the midpoint of the vertical strip is %cxz. We et
this be the value of y in Eq. (7.7):

y
4 1 514
/ydA / (é cx2> cx? dx % {%]
— A 2 2 .
y=JA_ _ - = 32 =53l
y =cx? / dA / ex? dx ll
\ JA J2 3 2
=2=c¢=0.376
X The x coordinate of the centroid is
0 2 4

. o4 x4 4
/di / x(cxz) dx {Z]
x=4— =22 = 2=321
3
/dA /cx2 dx *
JA 2 3 2

Notice that the value of X does not depend on the value of c.

| c=0376, ¥—= 3.21|

Problem 7.10 Determine the coordinates of the cent- Solution: Let dA be a vertical strip:
roid of the metal pl ate's cross-sectional area. TheareadA = ydx = (4 — %x2> dx. The curve intersects the x axis

1
1, where 4 — 2x2 =0, or x = +4.
y=4_ZX m Therefore

" 4 1 x4
xdA / <4x - —x?’) dx {sz - 7}

_ /A _J-a 4 16]_4
= === 1 i =
dA / (4— —x2> dx 4o — 2
/A 4\ 4 T2,

To determine y, let y in equation (7.7) be the height of the midpoint
of the vertical strip:

y fran [ (4; ) (o= 3) o
[ k)

4

4 3 5
1 X X
2 4 8 — —
_/_4(8 X +32x>dx { 3-‘:—5(32)}_4

514
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Problem 7.11 An architect wants to build a wall with 4
the profile shown. To estimate the effects of wind loads,
he must determine the wall’s area and the coordinates 3r y=2+0022
of its centroid. What are they? E, i
=
l -
0 | | | |
0 2 4 6 8 10
X, m

Solution:

10 10
Area—= / ydx= [ (24 0.02x%)dx
0 0

310
Area= {Zx + 0.025} = 26.67 m?
0

dA = ydx = (24 0.02x?) dx

G X

10 10
/ xdA (2x + 0.02x3) dx
x = 20 _ Jo

10 26.67
/ dA
0
x2 x* 10
2— +0.02—
) (2% +oo2%)), .
26.67
10*
. <1OO+(0'02)T> 150
- 26.67 ~ 26.67
X=0562m

0, 10 -
=) yvd 2+ 0.02x°)°d
_ -/0 (2)y o1 @+ S

10 =
/ A (2) (26.67)
0

1 10
- - 4 . 2 . 4
y 2(26'67)/0 (4 4 0.08:2 + 0.0004x%) dx

 (arvom(y) vomos (1))

10

0

2(26.67)
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Problem 7.12 Determine the coordinates of the cen- y

troid of the area. 1,
y=—x"+4x -7
4
X
Solution: Useavertical strip. Wefirst need to find the x intercepts.
1,
y:—zx +4x—-7=0 = x=214
14 14 1
/ x(ydx) / X (——x2+4x—7> dx
- _J2 _J2 4 -8
X="" =T ms =
/ ydx / <77x2+4x77> dx
J2 J2 4
14 14 1 , 2
~ / Ey(ydx) /2 > <77x +4x77> dx 18
y= 4 = 4 =75
/ ydx / <—7x2+4x—7> dx
2 2
x=28
=36
Problem 7.13 Determine the coordinates of the cen- y
troid of the area.
/y:7*¥2+4xf7
y=5
X

Solution: Useavertical strip. We first need to find the x intercepts.

1
y:—zx2+4x—7:5 = x=4,12

12 12 1
/ x(ydx) / X {(——x2+4x—7> —5} dx
4 4 4 _3

x= 12 =2 1
/ ydx / {<77x2+4x77> 75} dx
Ja Ja 4
12
/ Ye(ydx)
—_ Ja
y= 2
/ ydx
4
12
1 1, 1,
~ A 2 Klex +4x77> +5} Klex +4x77> - } dx 3
- 12 -5
1 5
/ {(——x2+4x—7> —5} dx
4 4
x=8 y=6.6
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Problem 7.14 Determine the x coordinate of the cent- y
roid of the area
y=x—__
\y_x
X
Solution: Wwork this problem like Example 7.2 y
1 1 3
/ xdA / x(x — x%) dx y=X ~
X=-0.1 =-0~1 \y:X
/ dA (x7x3)dx
JO JO
-5 (-3 : /
13 5] \83 5] 15 —_dA
=t <} 1>_T_o.sse. )
{5 - z] 2 4 4

x = 0.533

Problem 7.15 Determine the y coordinate of the cent-
roid of the area shown in Problem 7.14.

Solution: Solve this problem like example 7.2.

tr 3 3
/ydA / {—(x-i—x )} (x —x°)dx
_ Ja _Jo |2

y= 1
/ dA / (x— x3) dx
A 0
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Problem 7.16 Determine the x component of the cent- y
roid of the area.

Solution: The vaue of the function y=x2 —x+1a x=0is
y=1,anditsvaue at x = 2 is y = 3. We need a function describing
astraight line that passes through those points. Let y = ax + b. Deter-
mining the constants @ and » from the conditions that y = 1 when
x=0and y =3 whenx =2, weobtaina =1 and b = 1. The straight
line is described by the function y = x + 1.

The height of the vertical strip of width dx is(x + 1) — P—x+1)=

2x — x2, s0 the area is dA = (2x — x3) dx. Using this expression to
evaluate Eq. (7.6). y=x—x+1

N—————

2 2x3 Y2 X

/di / x(2¢ — x%) dx [— - —}
x=A— =20 _L3 5 ’=1

/dA / (2x—x3) dx {ﬁz_x_‘l}

JA 0 2 4]
Problem 7.17 Determine the x coordinate of the cent- y
roid of the area.

y=x2-20
Ny=x

Solution: The intercept of the straight line with the parabola
occurs at the roots of the simultaneous equations: y = x, and y = x2 —
20. This s equivalent to the solution of the quadratic x> — x — 20 = 0,
x1 = —4, and xp = 5. These establish the limits on the integration.
The area: Choose a vertical strip dx wide. The length of the strip
is (x — x2 + 20), which is the distance between the straight line
y =x and the parabola y = x%2 — 20. Thus the element of area is
dA = (x — x? 4 20) dx and

+5 2 3 +5
} =1215.

A= (x—x2+20)dx:{x——x—+20x
_4 2 3 _a

The x-coordinate:
+5
XA = /di = / ? —x3+20x)dx
JA J—4

+5

P 2
= {3 vy + 10x }_4 = 60.75.

‘e 60.75
T 1215

0.5
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Problem 7.18 Determine the y coordinate of the cent-
roid of the areain Problem 7.17.

Solution:
following.

Use the results of the solution to Problem 7.17 in the

The y-coordinate: The centroid of the area element occurs at the
midpoint of the strip enclosed by the parabola and the straight line,
and the y-coordinate is:

(BNl _(1 2 _
y=x (2>(x x+20)_(2>(x+x 20).

1 5
yA=/ydA= (—)/ (x + x% — 20)(x — x? + 20) dx
A 2 4

1 +5
= <§>/ (—x* + 41x% — 400) dx
-4

5

5 3
XY oo = —onza
573 »

Problem 7.19 What is the x coordinate of the centroid
of the area?

Solution: Use vertica strips, do an integral for the parabola then
subtract the sguare

First find the intercepts

1
y:—éxz-‘er:O = x=012

12 1 5
/0 x <_6X +2x> dx —7(2)(2) G

12 1 1M
/ <—7x2 + 2x> dx — (2)(2)
0 6

x=>5091

Problem 7.20 What isthe y coordinate of the centroid
of the area in Problem 7.19?

Solution: Use vertical strips, do an integral for the parabola then
subtract the square

First find the intercepts

1
y:—6x2+2x:0 = x=0,12

2171, 2
/O > (—éx +2x> dx — 1(2)(2) _ng

12 1
/ <ﬁx2 + 2x> dx — (2)(2)
Jo 6

3 =253
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Problem 7.21 An agronomist wants to measure the y

rainfall at the centroid of a plowed field between two S
roads. What are the coordinates of the point where the =
rain gauge should be placed?

. 0.5 km

Solution: Thearea: The element of areais the vertical strip (y; —
yp) long and dx wide, where y, = m;x + b, and y, = mpx + b, are T
the two straight lines bounding the area, where

0.3 km

(0.8-0.3)
=———-=0.3846
my 13-0) X

and b, =08—-13m, =0.3.
Similarly:

_(03-0

= ——- =0.2308
(1.3-0) ’

myp
and b, =0.
The element of areais
dA = (y1 — yp)dx = ((my — mp)x + by — bp) dx

= (0.1538x + 0.3) dx,

from which

11
A= / (0.1538x + 0.3) dx
05

11

2
- {0.1538)6— + 0.3x} — 0.2538 s km.
2 0.5

The x-coordinate:

11
/di = / (0.1538x + 0.3)x dx
A Jos

X3 2
= [0.1538— + 0.3 = 0.2058.
3 2 o5

X = 0.8109 km

The y-coordinate: The y-coordinate of the centroid of the elemental
area is

Y=+ G0 —w) = (3G + y) = 0.3077x + 0.15.

Thus, yA = / ydA
A
11
= / (0.3077x + 0.15)(0.1538x + 0.3) dx
05

11
= / (0.0473x? + 0.1154x + 0.045) dx
0.5

11

x3 x2
= [0.0471— + 0.1153— + 0.045x =0.1014.
3 2 05
L 0.1014
Divide by thearea: |y = —— = 0.
y y 02538 0.3995 km
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Problem 7.22 The cross section of an earth-fill dam is y
shown. Determine the coefficients a and b so that the y
coordinate of the centroid of the cross section is 10 m.

‘ 100 m |

Solution: Thearea: The elemental areais a vertical strip of length
y and width dx, where y = ax — bx3. Note that y = 0 at x = 100, thus
b=ax 1074 Thus

. 100
A= / dA=a / (x — (107Hx%) dx
JA JO

= (0.5a)[x? — (0.5 x 10~4)x*]3®
= 0.5¢ x 10* — 0.25b x 108,

and the area is A = 0.254 x 10*. The y-coordinate: The y-coordinate
of the centroid of the elemental areais

y = (0.5)(ax — bx®) = (0.5a)(x — (10~)x3),

from which

YA = / ydA
JA
100
= (0.5)a? / (x — (107Hx%)2 dx
0

100
= (0.5)a? / (x? = 2107)x* 4+ (1078)x®) dx
JO

3 5 74100
o [ X 42X g X
= (0. - —(1 — 1 —
(050){3 (0)5+(0)70
= 3.81a% x 10*.

Divide by the area:

_3.8104% x 10
"~ 0.25a x 10¢

For y = 10, [a = 0.6562 ], and | » = 6.562 x 10-5m 2

= 15.2381a.
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Problem 7.23 The Supermarine Spitfire used by Great y
Britain in World War Il had a wing with an elliptical 2 2
profile. Determine the coordinates of its centroid. el
" a? b2
Solution:
2 2 X
y X2 + y- =1

By symmetry, y = 0.
From the equation of the ellipse,

b
y=vaEZ=2

a

By symmetry, the x centroid of the wing is the same as the x centroid
of the upper haf of the wing. Thus, we can avoid dealing with &+

values for y.
y y:g\aZ_Xz
\\\
b \
0 ___>l ‘<___ a X
dx

. b ra
/di 7/ xvVa? —x2dx
_4Jo
o - b a
/dA 7/ Va2 —x2dx
. a jo

Using integral tables

2 2132
/x dz_xzdx:_u
3

g /a2 —_ 2 2
/\/az—xzdx:%-‘r%sin’l ({)

Substituting, we get
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Problem 7.24 Determine the coordinates of the
centroid of the area.

Strategy: Write the equation for the circular boundary
in the form y = (R? — x*)%? and use a vertical “strip”
of width dx as the element of area dA.

Solution: The area: The equation of the circle is x2 4+ y2 = R2.
Take the elemental area to be a vertical strip of height y = v/RZ — x2
and width dx, hence the element of area is dA = v/RZ — x2dx. The

Acircle _ ”Rz
4

areaisA = Vi The x-coordinate:

3 3

. ‘R R2 _ 23218 g3
XA = /di:/ xVR2 —x2dx = {—ﬂ} =
JA JO 0

X_4R
T 3

The y-coordinate: The y-coordinate of the centroid of the element of
areais at the midpoint:

y=(3VRZ =2,

1 R

henceyA:/ydA: <—)/ (R? — x?)dx
A 2/ Jo
R

_ 1 R2 X3 _R3
“\2) "3, 3

4R
3

Problem 7.25* If R=6 and b =3, what is the y
coordinate of the centroid of the area?

Solution:

b 3 T
—1 — o
= CoS — | =cos -] =60"=—
¢ <R> (6) 3
a R 7/3 6
A:/ / rdrd@:/ / rdrd6 = 6m
Jo Jo Jo Jo

1 /3 6 ) 6
y:_/ / r?sinfdrdd = — = 1.910
A 0 0 T

We will use polar coordinates. First find the angle «

Problem 7.26* What is the x coordinate of the cen-
troid of the area in Problem 7.25?

Solution:  See the solution to 7.25

1 /3 6 6/3
X= f/ / 2 oostdrds — &3 _ 331
A 0 0 T
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Problem 7.27 In Active Example 7.3, suppose that the Y
area is placed as shown. Let the dimensions R = 6 cm, |
¢=14 cm, and b = 18 cm. Use Eq. (7.9) to determinethe @
x coordinate of the centroid.

Solution: Let the semicircular area be area 1, let the rectangular b ]
area be area 2, and let the triangular area be area 3. The areas and the
x coordinates of their centroids are

R - 4R
= —nR", X1 =—-——,
=3 1= 7

NI

Az = ¢ (2R), Xp =

1 1
Agzib(ZR), X3:c+§b

The x coordinate of the centroid of the composite area is

X1A1 + X2A2 + X3A3
A1+ A2+ A3

_4R }nRZ + }c (2cR) + c+}b (bR)
_ ) \2 2 3

1
EnRZ + 2cR + bR

=

Substituting the values for R, b, and ¢ yields

given a second semicircular cutout as shown. Determine

Problem 7.28 In Example 7.4, suppose that the areais y
the x coordinate of the centroid. ‘

Solution: Let the rectangular area without the cutouts be area 1, T
let the left cutout be area 2, and let the right cutout be area 3. The 100mm | 440" mm
areas and the x coordinates of their centroids are l

A1 = (200) (280) mm?,  ¥1 = 100 mm,

50 mm
4(100) 140 mm
mm,
3r l

1
Ap = -5 (100> mm?, X =

~—200 mm |
1 4(50

A3z = — = 7(50)° mm?, ¥3 = 200 — 40 .
2 3T

The x coordinated of the centroid of the composite area is

_ X1A1 + X2A2 4+ X3A3

A1+ A2+ A3
(100) [(200) (280)] + [@} [—3 P (100)2} + [200 - @} {—} n(so)ﬂ
_ 31 2 37 2
(200) (280) — % 7(100)2 — % 7(50)2
=116 mm.
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Problem 7.29 Determine the coordinates of the  Solution: Bresk into arectangle, atriangle and a circular hole

centroids. . )
5[(10)(8 12 |5(8)(6)| — 4[n(2
_— [(10)(8)] + 1[2( )(6)] [727( )] — 6.97 cm
y (10)(8) + 5 (8)(6) — 7(2)
4[(10)(8)] + 18[1(8)(6)] — 3[m(2)?
3= [(10)(®)] + 3 1[2( )(6)] [ﬂ()]:3.7gcm
(10)(8) + 5(8)(6) — m(2)?
2 cm
8 cm J X =6.97cm
T y=379cm
3cm
' x
~—4 cm—| Yo 1 ) —
10 cm
Problem 7.30 Determine the coordinates of the y
centroids. |
Solution: The strategy is to find the centroid for the half circle 10cm
area, and use the result in the composite agorithm. The area: The
element of areaisavertical strip y high and dx wide. From the equation
of the circle, y = ++/R%2 — x2. The height of the strip will be twice X
the positive value, so that dA = 2v/R2 — x2 dx, from which
R
A= / dA = 2/ (R? — x)Y? dx
A 0 20cm
_> xvVRZ — x2 4 R? -1 (x) K B 7R?
N 2 2 o T2

The x-coordinate:

. ‘R
/ xdA = 2/ xVR2 —x2dx
Ja Jo

_, (R? — x2)3/2 R_ 2R3
- 3 0_ 3

L 4R
Divide by A: x = —
3

The y-coordinate: From symmetry, the y-coordinate is zero.

4(20
The composite: For acomplete half circlex; = 420) = 8.488 cm. For

T
the inner half circle x, = 4.244 cm. The areas are
A1 = 628.32 cm?

and A, = 157.08 cmZ2.

8488 x 628.32 — 4.244 x 157.08
628.31 — 157.08

X =

=9.90 cm

y:O
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Problem 7.31 Determine the coordinates of the y

centroids.
Solution: Use a big triangle and a triangular hole
. 5§10[3(1.0)08)] — (0.6+ 504) [3(0.4)0.8)] _ 0.533 08m
1(1.0)(0.8) — 1(0.4)(0.8)
5 308[3(1.0)(08)] — (308) [3(04(08)] _ 0.067
3(1.0)(0.8) — 1(0.4)(0.8) X
¥=0533m 0-6m
¥=0.267m
1.0 m
Problem 7.32 Determine the coordinates of the y
centroid.
Solution: Let the area be divided into parts as shown. The areas
and the coordinates are
A1 = (40) (50) in2, %1 = 25in, ¥, = 20in, b
Az = (20) (30) in?, X, =10in, 3, =40+ 151n, 40 in
1 4 4
Ay=Z7@OR I, T =20+ @in, 3, = a0+ 239 x
7T

—1n.
T

The x coordinate of the centroid of the composite area is

X1A1 + X2A2 + X3A3
A1+ Az + A3

X =

3

25 [(40) (50)] + [10][(20) (30)] + [20 4 430 } B n(so)z]
(40) (50) + (20) (30) + %ﬂ(?:O)z

=239in.

The y coordinate of the centroid of the composite area is

Y141 + YoA2 + Y343

v =
i A1+ A2+ A3

(20) [(40) (50)] + [55] [(20) (30)] + {40 + %} H 7(30)2

= 1 } =333in.
(40) (50) + (20) (30) + i 7(30)2

|f: 239in,7 = 333 in. |
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Problem 7.33 Determine the coordinates of the y
centroids.

Solution: Break into 4 pieces (2 rectangles, a quarter circle, and
atriangle) 400

mm
02[(0.4)(03)] + (0.4_ M) (ﬂ[o_“]z)
37 4

1 300 mm
+ 0.55(0.3)(0.7) + (0.8) {5(0.3)(0.7)}

=l
Il
=

0.4)2 1
0.4)(0.3) + % +(03)(0.0)+ 5 (03)0.7) L o
mm mm
2
0.15[(0.4)(0.3)] + (0.3+ M) <ﬂ[0.4] )
3 4
+0.35(0.3)(0.7) + <%o.7> E(os)(o.?)}
' 7[0.4)?

0.4)(0.3) +

1
+03)(0.7) + 5(0.3)(0.7)

¥=0450m, 3= 0.312 m|

Problem 7.34 Determine the coordinates of the cen- y
troid.

Solution: Let the area be divided into parts as shown. The areas

and the coordinates are T

A1=@) B m?, ¥=2m, J,=15m, 3m

l

1 2 1
Ao=3 & m2 T = 3@m, Fo=3+3@m

1 4(2
Az = =7 (22 m? f3=4+Qm. J3=3+2m.
2 37

The x coordinate of the centroid of the composite area is

X1A1 + X2A2 + X3A3
A1 +A2+ A3

X =

E3

2 1 42 1
@@ R+ {é (4)} {é () (4)} + {44- ( )} {EN(Z)Z}

T T =288 m.
@ 3+ > OXGORS 57 (22
The y coordinate of the centroid of the composite area is
- Y141+ Y2A2 + Y3A3
y A1+A2+ A3
1 1 1 5
1.5 [@ ]+ |3+ 3 4 > @ WD +[3+2 3 7 (2)
= =320m.

1 1
4 3+ 2 @ @+ 2 7 (2)?

¥=28m, 7=320m.
| |
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Problem 7.35 Determine the coordinates of the y
centroids.

‘<7 90 mMm——~

Solution: Determine this result by breaking the compound object
into parts
For the composite:

20 ﬁ\‘“ l
/

X141+ X2A2 + X3A3 — X444
(A1 + A2 +A3—Ay)

- 10 o ( + A
- |A
30 mm d Az @ 4} )= 195782 _ o g m
= 1 +{ Cj 4414.2

40 mm
_ Y1A1 + Y242 + Y343 — YaA4
‘ A1+A2+ A3 —As

go ™

90 mm X _ 146675
Y= w142

=33.2 mm

A1 A1 = (30)(90) = 2700 mm? _ _ .
The value for y is not the same as in the new problem statement. This

vaue seems correct. (The x value checks).
X1 =45 mm

y1 =15 mm

Ay: (sitson top of A7)
Az = (40)(50) = 2000 mm?
X2 = 20 mm

y2 =30+ 25 =55 mm

A3z: Az =

NIl =

w2 = %(20)2 — 628.3 mm?
X3 =20 mm
y3 =80 mm+ @ = 88.49 mm

3

As:  Agq = (30)(20) + r?
Ag = 600 + 7(10)? = 914.2 mm?
X4 = 20 mm
y4 =50+ 15 =65 mm

Area (composite)

=A1+A2+A3— A4

= 4414.2 mm?
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Problem 7.36 Determine the coordinates of the y
centroids. |

| 5hm

%{5 mm

50 mm
5Mmm 5mm
b ) i 'y
15mm ‘ ‘ 15mm
1015 |15 h_o"
mm mm mm mm
Solution: Comparison of the solution to Problem 7.29 and our y
areas 1, 2, and 3, we see that in order to use the solution of |
Problem 7.29, we must set @ =25 mm, R = 15 mm, and r =5 mm. @ ‘ \
If we do this, we find that for this shape, measuring from the y axis, ®) 51““ B
X = 18.04 mm. The corresponding areas for regions 1, 2, and 3 is 15
1025 mm?. The centroids of the rectangular areas are at their geometric \ 15 mm
centers. By inspection, we how have the following information for the
five areas y @ ‘ 50 mm
Areal: Area = 1025 mm?, x; = 18.04 mm, and y; = 50 mm. 5 fim ® | @ 115 5mm
| J ‘ _ S
. _ 2 _ _
Area2: Arexp = 1025 mm“, X = 18.04 mm, and y, = 0 mm. 15 mm \ 15 mm

TR

mm mm mm mm

Area3: Areag = 1025 mm?, X3 = —18.04 mm, and y3 =0 mm.
Area4: Areas = 600 mm?2, x4 = 0 mm, and ya =25 mm.

Area5: Areas = 450 mm?, x5 = —7.5 mm, and ys = 50 mm.

Combining the properties of the five areas, we can calculate the
centroid of the composite area made up of the five regions shown.

ArearoTaL = Areay + Areap 4 Areag 4 Areay + Areas

= 4125 mm?.

Then, X = (X1Area; + XoAreap + X3Areag + X4Areay
+ XsAreas)/ArearoraL = 3.67 mm,

and y = (y1Area; + yoArex + y3Areag + YaAreay

+ ysAress)/ArearotaL = 21.52 mm.
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Problem 7.37 The dimensions » =42 mm and h = y
22 mm. Determine the y coordinate of the centroid of
the beam’s cross section.

e 200mm———= \‘i

120 mm

Solution: Work as a composite shape

y
100 mm 100 mm

[ ~ 1T

e h ~n
b =42 mm

h =22 mm
A1 = 120 b mm? = 5040 mm?

X1 =0
y1 = 60 mm

} by symmetry
A = 200 h = 4400 mm?
X2 = 0

h
y2:120+§ =131 mm

_ A1X1 + AoXo _ 0+0

A14+A; T 9440
Xx=0
=A1Y1 + Azy2 — 931 mm
A1+ Az ’
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Problem 7.38 If the cross-sectional area of the beam
shown in Problem 7.37 is 8400 mm? and the y coordi-
nate of the centroid of the areais y = 90 mm, what are
the dimensions b and h?

Solution: From the solution to Problem 7.37

A1 =120b, Ap =200 h

andy = Y141 + Y242
A1+ Az
h
(60)(120 b) + <120 + 5) (200 h)
y =

120 b+ 200 h

where y; = 60 mm
y =90 mm

A1 + Ay = 8400 mm?
Also, yp =120+ h/2

Solving these equations simultaneously we get

h =182 mm
b =39.7 mm
200 mm
; B et 7 o SR R M i TN, Rl
;
A, £
éf«kvr-%x«o P, B :ﬁra
X!
i
§ 120 mm
Aq 5
i
i
i
M‘m‘
| b |
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Problem 7.39 Determine the y coordinate of the cen- y
troid of the beam’s cross section.

—

160 mm

60mm’ 150 mm 100 mm 60 mr;

Solution: Take advantage of the symmetry. Work with only one
half of the structure. Break into 2 rectangles, a quarter circle, and a
quarter circular hole.

2
0.08(0.06)(0.16) + (0.23)(0.06)(0.06) + <O.16+ @) (”[2'1] )
T
4[0.04]\ / 7[0.04]2
- <0.16+—3n ) ( 2 )
7[0.1]%2  #[0.042
T T2

<l
Il

(0.06)(0.16) + (0.06)(0.06)+

¥ = 0.1497m

Problem 7.40 Determine the coordinates of the cen- y
troid of the airplane's vertical stabilizer. S -

Solution: We work with a rectangle and two triangular holes yl

We have

d=125m+ 11 mcot70° = 16.50 m

e =11 mtan48’ = 12.22 m

In the x direction 125m

1d[d(1D)] — 3e [3e(1D)] — [125+ Z(d — 12.5)]
[ —125)(11)]

X =
d(11) — 2e(11) — 3(d — 12.5)(11)
. 1AD[dAD)] - 21 [2e(1))] - [3AD)] [3(d — 125 m)(11 m)]
’ d(11) — 1e(11) — 3(d — 12.5)(11)
Solving we find

|7c:9.64m, y:4.60m|
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Problem 7.41 The area has dlliptica boundaries. If y

a=30mm, b =15 mm, and ¢ = 6 mm, what is the x

coordinate of the centroid of the area?

Solution: The equation of the outer elipse is
2 2

x— + }— =1

(a+e?  (b+e)?

and for the inner ellipse

2

N

+5=1

Q‘H
N
%l

We will handle the problem by considering two solid ellipses

For any ellipse
o
/di }/ xvVoa? —x2dx
@ Jo
X = =
v 2 _ 42
/dA /;'/\/a x%dx

From integral tables

2 _ (232

/X\/azfxzdx=7(a 3

- /22 o
/‘/azfxzdx=%+%gnfl(f)

Substituting x = 5
()]
3 2 o
0
X_ [-0+a%/3] _ d%/3
B o? a2 /4
0+% (3)-0-9]
X = ﬂ
T 3

o
AIsoArea:/dA:E/ Vo2 + x2dx
@ Jo

Area= g ("é) (g) I

(The area of afull elipse is maB so this checks.

Now for the composite area.

X

=™ M <

}

For the composite

_ X1A1 — X2A2
T A-A

Substituting, we get
X1 = 15.28 mm
Ap = 2375 mm?

and x = 19.0 mm

For the outer ellipse, « =a+¢ B =0b+ ¢ and for the inner ellipse

a=a B=b
Outer élipse
_Aa+e)

= 3
w(a+e)b+e)
4

Al =

Inner Ellipse

Xo = 12.73 mm

Ao = 1414 mm?
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Problem 7.42 By determining the x coordinate of the
centroid of the area shown in Problem 7.41 in terms of
a, b, and ¢, and evaluating its limit as ¢ — 0, show that
the x coordinate of the centroid of a quarter-elliptical

lineis
_ da(a+ 2b)
X=——.
3m(a + b)
Solution: From the solution to 7.41, we have (x141 — x242) = $(a®b + 2abe + be?
Xt = 4a+e) A= w(a+e)(b+e) + a?e + 2ae? + &3 — a2b)
3 4
_ _1 2
) 4 . wab (x141 — x242) = 3((2ab + a®)e
2= o~ 2= ——
3 4 + (2a + b)e? + %)
(a+ )b +e¢)
= - - 7 A1 — X0A
S0 X1A1 3 Finaly ¥ = X1A1 — X242
A1 — A
A, — a®b 1
22 = 3 é[(Zab+a2)+(2a+b)a+sz}g

=l
Il

b
—[(a+b)+¢le
A=Az = T(ab+ ae + be + &2 — ab) Jlatb e

_ da(a+2b) 4(2a+b)e 4 ,
T 2 X + —¢
A17A2=Z(a6+be+6) 3n(a+ b) 3 3

Taking the limit ase — 0

da(a + 2b)
3m(a + b)

X =

Problem 7.43 Three sdls of a New York pilot Solution: Divide the object into three areas: (1) The triangle with
schooner are shown. The coordinates of the points are altitude 21 mm and base 20 mm. (2) The triangle with atitude 21 mm

in milimetres. Determine the centroid of sail 1. and base (20 — 16) = 4mm, and (3) the composite sail. The areas and
coordinates are:

(1) Ap =210 mm?,

X1 = <§) 20 = 13.33 mm,

1
y1 = <§> 21 =7 mm.

(2) A =42 mm?,

2
Xo = 16 + <§> 4 = 18.67 mm,

A\ (14,29 yz =7 mm.
"(35 a (3) The composite area: A = A; — Ay = 168 mm?.
/ 0 The composite centroid:
£

1 2 3
../ f—x / y__ ,,,A o A1XL = A2Xo

X
(16, 0) (10, 0) (23,0) A

(b)

(125,23)

(20, 21) il
/ /3, 20)
{ | ]
/ |

=12 mm ‘

_ Ay - A2y2
A

=7 mm
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Problem 7.44 Determine the centroid of sal 2 in
Problem 7.43.

Solution: Divide the object into five areas: (1) a triangle on the
left with atitude 20mm and base 3mm, (2) a rectangle in the middle 23
mm by 9.5mm, (3) atriangle at the top with base of 9.5 mmand altitude
of 3mm. (4) atriangle on the right with altitude of 23 mm and base of
2.5 mm. (5) the composite sail. The areas and centroids are:

1 A= @ =30 mm?,

2
X1 = (§>3:2mm,

1
y1 = <§> 20 = 6.67 mm.

(2) Az = (23)(9.5) = 218.5 mm?,

©)

©

1
Az = <§> (3)(9.5) = 14.25 mm?,
1
X3 =3+ <§) 9.5 =6.167 mm,
2
y3 =20+ <§> 3=22mm
1 2
Aa=(3 (2.5)(23) = 28.75 mm?,
2
Xa = 10 + <§> (2.5) = 11.67 mm,

Y4 = (%) 23 = 7.66 mm

(2) Az =406 mm?,
Xo = 7mm,
y2 = 14.5 mm.
(3) Az =42 mm?,
X3 =7 mm,
y3 = 26.33 mm
(4) A4 =130.5 mm?,

X4 = 17 mm,

y4 = 9.67 mm.

©)

®)

Xo =3+ <§> = 7.75 mm, ) )
2 (5) The composite area: A = A1 + Ay — Az — A4 = 205.5 mm?,
The composite centroid:
23
Yo = > =11.5mm
A A —A —-A
x = AL FAXe = AXE Z A _ 6 75 1y
A
y= A1y1 + Azy2 ;Asys —Aaya _ 10.603mm

Problem 7.45 Determine the centroid of sail 3 in
Problem 7.43.
Solution: Divide the object into six areas: (1) The triangle Oef, 2 g b
with base 3.5 mm and dtitude21mm. (2) The rectangle Oabc, 14 mm by
29mm. (3) The triangle beg, with base10.5mmand altitude8mm. (4) The .
triangle bed, with base 9 mm and atitude 29 mm. (5) The rectangle agef f ]
3.5 mm by 8 mm. (6) Thecomposite, Oebd. The areasand centroids are:
(1) A1 =36.75mm?

X1 = 1.167 mm,

0 C d
y1 = 14 mm.

As = 28 mm?,

X5 = 1.75 mm,

ys = 25 mm.

The composite area:

A= —A1+Ay — A3+ Ag — As = 429.75 mm?.

The composite centroid:

X= 171 272 373 55 _10.877mm
y 1y1 + A2Y2 3Y3 + Asya 5)5 11.23
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Problem 7.46 In Active Example 7.5, suppose that the
distributed load is modified as shown. Determine the
reactions on the beam at A and B.

| 8m i

Solution:  We can treat the distributed load as two triangular distri-
buted loads. Using the area analogy, the magnitude of the left one
is % (8 m)(60 N/m) = 240 N, and the magnitude of the right one is
% (4 m)(60 N/m) = 120 N. They must be placed at the centroids of
the triangular distributions.

The equilibrium equations are

BF, 1A, =0,
SF, A, +B—240N—120N =0,

=My (12m) B —[3 (8 m)](240 N) — [12 m — £ (4 m)](120 N) = 0.

Solving yields

‘szo, A, =160 N, B:ZOON.‘

— (6000N) (4m)+B(10m)=0

Solving yields

A, =6000 N, A, =4000N, B=4000 N.

240 N 120 N
Ax
A, B
Problem 7.47 Determine the reactions at A and B. ‘
2000 N /m 6m
A, — == r d M B
| )
6m
|
H/_/
4 m—| 2000 N/m
Solution: From the free-body diagram of the bar (with the 8000 N
distributed loads represented by equivalent force), the equilibrium
equations are
YF,:A, —6000 N=0
1
SF,:A, +B—8000 N=0
A, 2
XM, 0 —(8000 N) (2 m) A

6000 N

536
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Problem 7.48 In Example 7.6, suppose that the
distributed loads are modified as shown. Determine the
reactions on the beam at A and B.

Solution: The distributed loads are represented by three equivalent
forces. The equilibrium equations are

$F, 1200 N+ A4, =0
SF,:A,+B—2400 N—600N =0
EM, 1 —(1200 N) (4 m) = (600 N) (2 m)

— (2400 N) (3 m)+ B (6 m) =0

Solving yields

Ay =-1200N, A,=800N, B=2200N

400 N/m
——

1200 N

600 N
Y —
2400 N
o
4 A
A, B

Problem 7.49 In Example 7.7, suppose that the
distributed load acting on the beam from x =0 to x =
10 m is given by w = 350 + 0.3 N/m. (a) Determine
the downward force and the clockwise moment about
A exerted by the distributed load. (b) Determine the
reactions at the fixed support.

Solution:
(@ The force and moment are

10
R= / (350 + 0.3x%) dx = 4250 N
0

R =4250 N, M = 23,500 N-m

M= /O 10x(350+ 0.3x%) dx = 23500 N-m
(b) The equilibrium equations are
YF, A, =0,
$Fy 1 Ay — 4250 N+ 2000 N= 0,
My Ma — 23500 N-m
+ (2000 N)(20 m)

+ 10,000 N-m= 0.

Solving yields | Ax =0, Ay =2250 N, M, = —26,500 N-m

2000 N

10,000 N-m
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Problem 7.50 Determine the reactions at the fixed y
support A.

w = 3(1—x%25) kN/m

[€ X

| A
‘ 5m

Solution: The free-body diagram of the beam is: The downward

force exerted by the distributed load is w = 3(1 —x%25) kN/m

5 42 M
wdx:/ 3(1——) dx a

/L 0 25 C J;OAX—— X

i 'Ay
X3 5

The clockwise moment about the left end of the beam due to the
distributed load is

5 X3
/wadx:/o 3( —£> dx

4 15

x2 X
=3|= — ——| =1875kN-m.
3{2 100}0 8.75 kN-m

From the equilibrium eguations
D Fx=A=0,
> Fy=A,-10=0,

Zm(leftend) =M,+5A4,-1875=0,

we obtain
Ay = 0,
Ay =10 kN,

and M, = —31.25 KN-m.
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Problem 751 An engineer measures the forces  Solution:
exerted by the soil on a 10-m section of a building
foundation and finds that they are described by the
distributed load w = —10x — x* 4 0.2x kN/m.

(@ The tota forceis

12
. . F:—/ (10x + 1% — 0.2¢%) dx
(@) Determine the magnitude of the total force exerted 0

on the foundation by the distributed load. ”

(b) Determine the magnitude of the moment about A _ [_5x2 22 . %)‘4}
due to the distributed load. 3 47,
y
|F| = 333.3 kN
‘42 m=| 10m } (b) The moment about the origin is
A.
X 10
M=— (10x + X — 0.2x3)x dx

0

[0, 1, 02"
= [7§x 71x +?x .
|M| = 1833.33 kN.

The distance from the origin to the equivalent force is

|M|
d=—=55m,
F

from which

[M4| = (d 4+ 2)F = 2500 kN m.

Problem 7.52 Determine the reactions on the beam at Solution: Replace the distributed load with three equivalent single
A and B. forces.

The equilibrium equations

3 kN/m S Fi A =0

> Fy:Ay+B—8KN—-2kN—-3kN=0

DM BAm) — @KN)@2m) — (2kN) (54 m)

- BkN)(4m+312m)=0

‘szo, Ay:4.17kNB:8.83kN‘
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Problem 7.53 The aerodynamic lift of the wing is y
described by the distributed load |

w = —300+/1 — 0.04x2 N/m.

The mass of the wing is 27 kg, and its center of massis
located 2 m from the wing root R. 7 \ —— — —X

(@) Determine the magnitudes of the force and the 5m ‘
moment about R exerted by the lift of the wing.
(b) Determine the reactions on the wing at R.

Solution:
W
(& The force due to the lift is o
M
5 . —
F:—w:/ 300(1 — 0.04x%)*2 dx, (1 mg
0 FR
a0 [* .
sz/ (25— x2)Y2 dx ZMej=— 3m—e
5 Jo
5
J2B—x2 25
F =60 uju—sin-l()—‘) = 3757 N,
2 2 .

|F| = 1178.1 N.

The moment about the root due to the lift is

5
M = 300 / (1 — 0.04x%)Y?x dx,
0

= 2500

(25— x2)3/2} ®  60(25)%2

M = —60
[ 3 0 3

[M| = 2500 Nm.
(b) The sum of the moments about the root:
> M =M" + 2500 — 27g(2) =0,
from which MR = —1970 N-m. The sum of forces

> Fy=Fg+11781-27g =0,

from which Fp = —1178.1 + 27¢ = —913.2 N
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Problem 7.54 Determine the reactions on the bar at A 400 N/ m B
—
and B. . — (& | T

600 N/ 400 N/ m 2m

4 .

A o0

4 m— ‘ —4m

]

Solution: First replace the distributed loads with three equiva-
lent forces.

The equilibrium equations

> Fi:B +800N=0

> Mp : (800 N)(1 m) — A(4 m) + (1600 N)(6 m)
+ (400 N)(6.67m)=0

> Fy:A+ By —1600 N— 400 N=0

Solving:

‘A =3267 N, B, =—-800N, B, =-1267 N
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Problem 7.55 Determine the reactions on member AB

a A and B.
} 3000 N/m
A h) B
6m } 6m } 6m }
e
c Yyl l l l l l 3000 N/m
Solution:  From the free-body diagram of the entire structure (with A 36000 N

the distributed |oads represented by equivalent forces), one of the equi-
librium equations is ﬁ
SMc A, (6m) ‘ .

— (36000 N) (6 m) x

— (9000 N) (4 m)

— (18000 N) 9 m)=0 >

From the free-body diagram of member AB we have the equilibrium

equations Cx
SF, A +B, =0 9000 N 18000 N
¥Fy 1Ay + By, — 36000 N=0

4, 36000 N

My, : B, (12 m)

— (36000 N) (6 m)=0 |

Solving yields B

Ay = —69000 N, A,= 18000 N,
B, =69000 N, B, = 18000 N.
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Problem 7.56 Determine the axia forces in members
BD, CD, and CE of the truss and indicate whether they
are in tension (T) or compression (C).

Solution: We start by analyzing the horizontal bar with the distri-
buted load Fe Fe

ZMG : (16 KN)(0.667 m) + (32 kN)(2 m)

—Fc(4m)y=0 = F¢ =18.67 kN

[ PP N

BD = 21.3 kN(C), CD =3.77 KN(C), CE = 24 KN(T)

Y Fy=Fc+Fg—32kN-16kN=0 32kN
= Fg=2933kN T e
Now work with the whole structure in order to find the reactions at A 6 k< T -
16 kKN
D FiiA=0= A, =0 A,
> My :Fg @m)+Fc (6m)
—A, (8m)=0 = A, =2L3kN Ay
Finaly, cut through the truss and look at the left section
> Mc:—A, (2m)— Ay (2m) — BD2 m) =0
Ve, e Y
> Mp:—Ay (Am)+Fc (2m)+ CEQm)=0 A
X B
) > > 5o
Fy:Ay—Fc+—=CD=0
Z y A c /2
CD
Solving we find
Ay
BD = —21.3 kN, CD = —-3.77 kN, CE = 24 kN C CE
In summary:
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Problem 7.57 Determine the reactions on member
ABC at A and B. 400 N/ m{
}200 N/ m

o D) —1

160 mm

240 mm

—
400N/ m—=

Solution: Work on the entire structure first to find the reactions
a A. Replacethe distributed forces with equivalent concentrated forces

> F :A+160N=0 Ly T -

ZME (96 N)(0.08 m) + (48 N)(©0.16 m)  gmeee-

— (160 N)(0.2 m) —A,(0.32m) =0

Solving:
Ay =—160N, Ay = —52 N />
Now look at body ABC. Take advantage of the two-force body CD. ' >
1160N
3 Mg : A,(0.24 m) + (160 N)(0.04 m)
— (48 N)(0.16 m) — (96 N)(0.24 m) :
~ " cpozmm+ -2 cp©016m =0 IA
/65 ’ /65 ’ - X

4
ZF,Y:AX+BX+160N7ECD=O

7
F,:Ay+By,—48N—-9N-—CD=0
Sria s &

Solving:

—160 N, A, = —52N (R
—157 N, By =—-784N

Ay =
B, =
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Problem 7.58 Determine the forces on member ABC

of the frame. T o

1 In } 3kN/m

T  — B o < 5 )

Im

i C
— (O [e]
| 2m } 2m } 1m-—-
Solution: The free body diagram of the member on which the (4 m)(3kN/m) = 12 kN
distributed load acts is
Bx
From the equilibrium equations i = >
eq eq {
By 2m iIm IE
> Fi=B,=0,
SN Fy=B,+E-12=0, A
4 kN
Ay
> mettensy = 3E — (2)(12) =0,
Cc
we find that B, = 0, B, = 4 kN, and E = 8 kN. From the lower fbd, X
writing the equilibrium equation Cy 8kN
Cy
> Meitend) = —2Cy — (4)(8) =0, D Cy
.Lﬁ - |

we obtain C, = —16 kN. Then from the middle free body diagram, Dytm““ om
we write the equilibrium equations
Y Fi=A+C =0,
d Fy=A,-4-16=0,
> mightend) = —24, — 24, + (1)(4) = 0
obtaining A, = —18 kN, A, = 20 kN, C, = 18 kN.
Problem 7.59 Use the method described in Active y
Example 7.8 to determine the centroid of the truncated
cone.

Solution: Just as in Active Example 7.8, the volume of the disk
element is
R \2
dV=n|(—-x) dx
h

the x coordinate of the centroid is

. h R 2
dV xr | —x| x
/V x ./h/z < h ) a5, 45

X = =

oh 2 = % 56
/dV / . <§x> .
v Juz \h
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Problem 7.60 A grain storage tank has the form of a y
surface of revolution with the profile shown. The height
of the tank is 7 m and its diameter at ground level is y=ax¥2
10 m. Determine the volume of the tank and the height
above ground level of the centroid of its volume. 7m

10m }

Solution:

y = ax!?

dv = zy%dx

X = = 0 7
/ 7ry2 dx / na’x dx
0 0
7
X = [x3/3]3 = 467m
[x2/2]0

The height of the centroid above the ground is 7 m — x

h=233m

The volume is

7 49
V= / na’x dx = wa® (—) m?
Jo 2

To determine q,
y=5 mwhenx=7m.

y:axl/z, 5=a7

a =5/Td? = 25/7

25\ (49 5
von(Z) (%) =z

vV =275 md
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Problem 7.61 The object shown, designed to serve y
as a pedestal for a speaker, has a profile obtained by
revolving the curve y = 0.167x? about the x axis. What
is the x coordinate of the centroid of the object?

Solution:

~1.50
/ xm(0.167x%)2 dx
0.75

/de
v

X = = 150
/ v / 7(0.167x%)2 dx
v 0.75
15 s
d. 15
_ 7(0.167)? /o.75x 3 _ [x6/6]0.75
- 2,15 - 15
7(0.167) / g /8
0.75
X=127m
Problem 7.62 The volume of a nose cone is generated y

by rotating the function y = x — 0.2x? about the x axis.

(@ What is the volume of the nose cone?
(b) What is the x coordinate of the centroid of
the volume?

Solution:

2 m 2 m
@ (v= / ny?dx = / 7(x — 0.2x%)%dx = 4.16 m®
JO JO

2m 2
(®) / x(nyzdx) / x(x — 0.2x2)2dx
x=20 =20 =1411m

\% 4.155 m3
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Problem 7.63 Determine the centroid of the hemisphe-
rical volume.

Solution: The equation of the surface of a sphere is x2 + y2 +
2_p2
z° = R°.

The volume: The element of volume isadisk of radius p and thickness
dx. The radius of the disk at any point within the hemisphere is p? =
y? + z2. From the equation of the surface of the sphere, p? = (R? —
x2). The area is np?, and the element of volume is dV = n(R% —
x2)dx, from which

:%zz_nlﬁ

14
2 3

The x-coordinate is:

. ‘R
/XdV:ﬂ/ (Rz—xz)xdx

JV 0
{szz x4}R
=7 — — —
2 4|,
T
= R4
4

Divide by the volume:

T\ 4 27R3) 8

By symmetry, the y- and z-coordinates of the centroid are zero.
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Problem 7.64 The volume consists of a segment of a
sphere of radius R. Determine its centroid.

N | o

Solution: The volume: The element of volume is a disk of radius
p and thickness dx. The area of the disk is 7p?, and the element of
volume is 7p? dx. From the equation of the surface of a sphere (see
solution to Problem 7.63) p? = R? — x2, from which the element of
volume is dV = n(R? — x?) dx. Thus

. R
v:/ dv=n | (R®=x%dx
4 R/2

x3 R 51
=7 |Rx-=| =(=|R%
w5l ()
The x-coordinate:

. "R
/de:n (szxz)xdx
Jv JR/2

{szz x4}R 971R4
=7 - — = — R~
2 4 R/2 64

Divide by the volume:

97R* 24 27
= =) = Z_R=0.675R.
X ( 64 ) <511R3> 40

By symmetry the y- and z-coordinates are zero.

R

2
~A— .
\ .
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Problem 7.65 A volume of revolution is obtained

by revolving the curve x_2 + % =1 about the x axis.
a
Determine its centroid.

Solution: The volume: The element of volume is a disk of radius
y and thickness dx. The area of the disk is y?. From the equation for
the surface of the ellipse, et T

2
7y? = nb? <l - x—2>
a

2
and dV = nyzdx = 7h? <1, x—2> dx,
a

<

from which

a Y2
V:/dV:nbz/ (1——2) dx
v 0 a

3 74 2

X 2ntb“a
=gb? |x— —| = .
T {x 3a2}0 3

The x-coordinate:

a x2
/de:rrbz/ <l——2>xdx
v 0 a

X2 1Y mbRd?
=ab? | = - —| = ——.
2 4q2 0 4

Divide by volume:

= (72 (za) = (5)

By symmetry, the y- and z-coordinates of the centroid are zero.
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Problem 7.66 In Example 7.9, determine the y coor- y

dinate of the centroid of the line.
(1,1
\y -2
L
X
Solution: The expression derived in Example 7.9 for the element y
e . (1, 1)
dL of the linein terms of x is
dL = /14 4x2 dx d]}/ L
The y coordinate of the centroid is
. 1
/ ydL / x2 1+ 4x2 dx dy
y=2b— =20 =0.410 ¥
/LdL / V1+ 42 dx } x } } dx
- 0
3 = 0.410
Problem 7.67 Determine the coordinates of the cen- y
troid of the line.
) |
y=x \ |
|
Solution |
|
2 2 dy\? 2 |
/ xds / x\/ 14+ <7> dx / XV 1+ (2x)2dx |
—_ J-1 _J-1 _J-1 |
XY=—2 = =2
ds 2 dy\? V1t (202dx '
1+ dx |
-1 J-1 dx /-1 |
| |
2 2 dy 2 2 I |
/ yds / /14 (7) dx / x2\/1+ (20)2dx : |
y= ‘12 = *12 — = ‘12 . ; ¥
ds / 14 (i') " / VIt (202dx -1
-1 _ dx -1
J-1
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Problem 7.68 Determine the x coordinate of the
centroid of the line.

y=5x-1%

al-—————— - ———=

Solution: The length: Noting that Z—} = (x — 1)Y/2, the element
X
of length is

dy\?
dL = 1+<l) dx = Jxdx
dx

from which

. 5 2 5
L:/ dL=/ @Y% dx = {7(x)3/2} = 6.7869.
L 1 3 1

The x-coordinate:

5 2 5
/de :/ x2dx = {—xf’/z} = 21.961.
L 0 5 1

o . 21.961
Divide by the length: x = 67860 — 3.2357

Problem 7.69 Determine the x coordinate of the
centroid of the line.

2
y= §x3’2

Nl —— - =

. . d 5
Solution: The length: Noting that d—‘ =x%2 the element of
X
length is

dy\?
dL = 1+<d—’> dx = VI ¥xdx
X

from which

. 2 2 2
L= / dL=/ L+x0Y2dx = {7(1+x)3/2} = 2.7974
Ju 0 3 0

The x-coordinate:

. 2 1 5/2 1 3/272
/dez/ (140 2dx =2 A+ d+4x)
L 0 5 3 0

35/2 33/2 1 1
=2 -2 (= = )| = 3.0370.
5 (5)(3)] e

Divide by the length: x = 1.086

Problem 7.70 Use the method described in Exam-
ple 7.10 to determine the centroid of the circular arc.

Solution: Thelength of the differential line element of the circular
arc is dL = Rd6. The coordinates of the centroid are

d o
(/Lde ~ /o (R cosH) RdO ~ Rsina

o
/ dL / RdO «
L 0

o
_ /LydL /o (RsSinB) RdO R (1— cosa)
y= - = o = o
/dL / Rd6O
JL JO

_ R(1 — cosa)

o o
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Problem 7.71 In Active Example 7.11, suppose that y
the cylinder is hollow with inner radius R/2 as shown.
If thedimensionsR=6cm, h=12cm, and b = 10 cm,

what is the x coordinate of the centroid of the volume? _—
z< R
Solution: Let the cone be volume 1, let the solid cylinder be |\>/
volume 2, and let the cylindrical hole be volume 3. The volumes and \b
the x coordinates of the their centroids are \>/
R X
Vi=31nR?, xi=3n, 2

V2=7TR2b, fz:h+%b,

Va=-m(3R?b, Xs=h+3b
The x coordinate of the centroid of the composite volume is

X1V1+xVa +x3V3
Vi+Va+V3

3h 1 R%h | + h+1b (7R?b) + h+1b 1R 2b
2")\37 27) 2 ™\ 2

1 1\?

- 2 27 -

3ﬂRh+ﬂRb 7r<2R> b

Substituting the values for R, /, and b, we have

X =

Problem 7.72 Use the procedure described in Exam- y y
ple 7.12 to determine the x component of the centroid
of the volume.

25 mm
Solution:  Let the rectangular part without the cutout be volume 1,
let the semicylindrical part be volume 2, and let the cylindrical hole f ]
be volume 3. The volumes and the x coordinates of their centroids are k‘ — X z

V1= (60) (50) (20) mm®, X, = 30 mm, 10 mm,

1, . 4(25)
V=3 n(257 (20) mm®, T, =60+ —— mm, 60 mm F 20 4

V3 = —m(10)? (20) mm®, ¥z = 60 mm.

The x coordinate of the centroid of the composite volume is

X1V1+X2Vo+Xx3V3
Vi+Va+V3

X =

4(25)

(30) [(60) (50) (20)] + {60+ —
_ 3

1
} {5 7(25)? (20)} + (60) [—7(10)%(20)]

(60) (50) (20) + % 7(25)2 (20) — (10)? (20)
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Problem 7.73 Determine the centroids of the volumes. y

Solution: The object will be divided into a cone and a hemisphere.

From symmetry y =7z =0

Using tables we have in the x direction /

z
3 1 5 3R\ [ 27R®

X= =
1 27R® 24
- 2 -
371R [4R] + 3
In summary
_ 83R _ -
X = ﬁs y=0,z=0
Problem 7.74 Determine the centroids of the volumes. y

Solution: We have a hemisphere and a hemispherical hole. From
symmetry y=7=0

200 mm
In the x direction we have
3[300 mm]\ /27[300 mm]3
(557 (557)
3[200 mm]\ [ 27[200 mm]3 300 mm

(CEE (R
X =

27[300 mm]®  27[200 mm]®

3 B 3 . .
We have
|7c:—128mm, =0, z=o|

Problem 7.75 Determine the centroids of the volumes. y

Solution: This is a composite shape. Let us consider a solid
cylinder and then subtract the cone. Use information from the appendix

Volume | Volume (mmd) X X (mm)
Cylinder | #R2L 1.1706 x 107 LI2 230
Cone inr?h | 1.3572 x 10° L-hl4 370
R=90mm
L =460 mm
r =60 mm
h =360 mm

_ XcyVeyr — XconeV cone
Veyr — Veone

X =211.6 mm
y=z=0mm
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Problem 7.76 Determine the centroids of the volumes. y

Solution: Break the composite object into simple shapes, find the
volumes and centroids of each, and combine to find the required
centroid.

Object Volume (V) X y z
1 LWH 0 HI2 L2
2 hWD 0 (H +h/2) DI2
4R
3 7R?D/2 0 (H +h+ 3—> DI2
T
4 7r2D 0 (H +h) DI2
where R = W /2. For the composite,
Y — X1V1+ X2V 4+ X3V3 — XaVa
B Vi+Vo+Vas—=Vy
with similar egns for y and z
The dimensions, from the figure, are
L =120 mm
W = 100 mm
H =25mm
r=20mm
h=75mm
D =25 mm
R =50 mm
Object vV mm?3 x (mm) y (mm) z (mm)
+1 300000 0 125 60
+2 187500 0 62.5 125
+3 98175 0 121.2 125
-4 31416 0 100 125
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Substituting into the formulas for the composite, we get

x=0
y =43.7 mm
z=238.2 mm

7.76 (Continued)

Problem 7.77 Determine the centroids of the volumes.

Solution: Divide the object into six volumes: (1) A cylinder 5 cm
long of radius 1.75 cm, (2) a cylinder 5¢m long of radius 1 cm, (3) a
block 4cm long, 1 cm thick, and 2(175) = 3.5cm wide. (4) Semi-
cylinder 1cm long with a radius of 1.75 cm, (5) a semi-cylinder 1 cm
long with a radius of 1.75 cm. (6) The composite object. The volumes
and centroids are:

Volume Vol, cu cm X, cm y, cm Z, cm
Vi 48.1 0 25 0
V2 15.7 0 25 0
V3 14 2 0.5 0
V4 4.81 0.743 0.5 0
V5 481 0 4.743 0

The composite volume is V = V3 — Vo + V3 — Va4 + Vs = 46.4 cm®.
The composite centroid:

— Vixy — VoxXo + V3xg — VaXa + VsXs

3

=1.02 cm,

14

z=0

y= Viyi —Vay2+Vays — Vaya+ Vsys

1.9 cm,
Vv

556
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Problem 7.78 Determine the centroids of the volumes. y

~—180

Solution: Consider the composite volume as being made up of
three volumes, a cylinder, a large cone, and a smaller cone which is
removed

Object 1% X
Cylinder r?LI2 Li4

1
Cone 1 ZaR2L 3L/4
Cone 2 12 (L 3(LI2)/4

3"\ 2

(mmd) (mm) y
Cylinder 5.089 x 10° 9 !
Cone 1 1.357 x 10° 270 }
Cone 2 1.696 x 10° 135 ]
i Cylinder /60 mm

L =360 mm - —_—
r =30 mm }
R =60 mm

For the composite shape

Y= XcyVeyr +x1V1 — X2V
Ve +V1i—Va2

X = 229.5 mm
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Problem 7.79 The dimensions of the Gemini space-
craft (in meters) are a =0.70, b =0.88, ¢ = 0.74,
d=0098,e¢=182 f=220,g=224, and h = 2.98.
Determine the centroid of its volume.

Solution:  The spacecraft volume consists of three truncated cones
and a cylinder. Consider the truncated cone of length L with radii at
the ends R; and Ry, where R, > R;1. Choose the origin of the x—y
coordinate system at smaller end. The radius of the cone is a linear
function of the length; from geometry, the length of the cone before
truncations was

RoL

H = ———— with volume
(R2 — R1)

@

TR3H

2 . The length of the truncated portion is

R1L

= ———— with volume
(R2 —R1)

3 n

NREU

. The volume of the truncated cone is the difference of the
two volumes,

©

L (RS—R}
G v="" ( 2 1). The centroid of the removed part of the

3 Ry, — R1
cone is

3 . .
® x,= (Z) n, and the centroid of the complete cone is

3
@ xn= 2 H, measured from the pointed end. From the

composite theorem, the centroid of the truncated cone is

ViXp — VX . .
x = AT Tty wherex isthe x-coordinate of the left

®)

hand edge of the truncated cone in the specific coordinate system.
These eight equations are the algorithm for the determination of
the volumes and centroids of the truncated cones forming the
spacecraft.

- T
at
_t

Beginning from the left, the volumes are (1) a truncated cone, (2) a
cylinder, (3) atruncated cone, and (4) atruncated cone. The algorithm
and the data for these volumes were entered into TK Solver Plus and
the volumes and centroids determined. The volumes and x-coordinates
of the centroids are:

\Volume Vol, cum X, m
V1 0.4922 0.4884
V2 0.5582 1.25
V3 3.7910 2.752
V4 11.8907 4.8716
Composite 16.732 3.999

The last row is the composite volume and x-coordinate of the centroid
of the composite volume.

The total length of the spacecraft is 5.68 m, so the centroid of the
volume lies at about 69% of the length as measured from the left
end of the spacecraft. Discussion: The algorithm for determining the
centroid of a system of truncated cones may be readily understood
if it is implemented for a cone of known dimensions divided into
sections, and the results compared with the known answer. Alternate
agorithms (e.g. a Pappus-Guldinus algorithm) are useful for checking
but arguably do not simplify the computations End discussion.
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Problem 7.80 Two views of a machine element are
shown. Determine the centroid of its volume.

Solution: We divide the volume into six parts as shown. Parts 3
and 6 are the “holes’, which each have aradius of 8 mm. The volumes
are

V1 = (60)(48)(50) = 144,000 mm?,
Vo = 3T1(24)2(50) = 45, 239 mn,
V3 = I1(8)%(50) = 10, 053 mm?,

V4 = (16)(36)(20) = 11, 520 mm?,

Vs = $T1(18)?(20) = 10, 179 mn,

Ve = I1(8)2(20) = 4021 mm3.

The coordinates of the centroids are

X1 = 25 mm,
y1 = 30 mm,
71 =0,

X2 = 25 mm,
y2 = 60+ % = 70.2 mm,
2, =0,

X3 = 25 mm,
y3 = 60 mm,
723 =0,

X4 = 10 mm,
y4 = 18 mm,

Z4 =24+ 8=32mm,

y y
24 mm

_______ 8 mm

— 18 mm 60 mm
L — 8 mm

20 16

mm mm
t— 50 mm —»|

3
1
z
4(18)
75 =24+ 16+ —— = 47.6 mm,
5 + 16+ 3mn
Xg = 10 mm,
Y6 = 18 mm,

The x coordinate of the centroid is

_ X1V1+X2V2 —X3V3+ XaVa + X5V5 — XeVe

= 23.65 mm.
Vi+Vo—V3+Vs+Vs—Ve

X5 = 10 mm, Calculating the y and z coordinates in the same way, we obtain y =
36.63 mm and z = 3.52 mm

ys = 18 mm,

Problem 7.81 In Example 7.13, suppose that the y

circular arc is replaced by a straight line as shown. 0,2,0)m

Determine the centroid of the three-segment line.

Solution: Let the new straight-line segment be line 1 and let the
segment in the x-z plane be line 2. Let the other line segment be line 3.
The centroid locations of the parts and their lengths are

X1 =0, yp=1m, Z1=1m, L1 =283 m,
Xp=2m, Vo=1m, Z2=2m, Ly=4m,
X3=2m, yz3=1m, Zz3=1m, Ly =490 m.

Applying Egs. (7.18) yields

|x:1.52m, F=0659m, z=134m

(0,0,2) m

(4,0,2)m
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Problem 7.82 Determine the centroids of the lines. y

Solution: The object is divided into two lines and a composite.

3m
(l) Li=6m, x1:3m,y1:0. /

6

(2) Lp =37 m, x =6+ — m (Note: See Example 7.13) y, = 3.
b/

(3) The composite length: L = 6 + 37 m. The composite centroid:

Y — LiX1 + LpXo —6m X
L \
6m
3
y= P 1.83m
Problem 7.83 Determine the centroids of the lines. y

Solution: Break the composite line into three parts (the quarter
circle and two straight line segments) (see Appendix B). om
Xi Yi L oy

Part 1 2R/7 2R/7 nR/2 (R=2m)
Part 2 3m 0 2m
Part 3 0 3m 2m 2m

L L L X
5= X1 £++x2 2++LX3 3 _ 14m

1 2 3 l—2M——— 2 M—»

L L L

y= yil1 + y2L2 + y3l3 —14m

Li+La+Ls
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Solution:

composite length is:

The composite coordinates are:

3
ZL,‘X,‘
i=1

The bar is divided into three segments plus the
composite. The lengths and the centroids are given in the table: The

Problem 7.84 The semicircular part of the line liesin
the x—z plane. Determine the centroid of the line.

y= -27/3
200 mmtan 60° +/ (200 mm) d6
0

|;‘c:332mm, y =118 mm

X = s
L
3
> Ly
dy— =L
andy I
Segment Length, mm X, mm y, mm Z, mm
L1 120 @ 0 120
I
L2 100 0 50 0
L3 188.7 80 50 0
Composite 665.7 65.9 21.7 68.0
Problem 7.85 Determine the centroid of the line. y
Solution: Bresk into a straight line and an arc.
1 5 21/3
5(200 mmtan 60°)“ cos 30 +. A 200 mm
2 2 60°
B (200 mm) (c0560° + cos@) do | B
X= 2773 =332 mm
200 mmtan 60° + / (200 mm) do
Jo
1 (200 mmtan 60°)(200 mmsin60°)
2r/3
+ / (200 mm)2(sin6) d6
0 =118 mm
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Problem 7.86 Use the method described in Active y
Example 7.14 to determine the area of the curved part
of the surface of the truncated cone.

Solution: Work with the solid line shown. The surface area is
given by

2 2 R
A=2n§L=2n<3IR> <§> +<g> 3R/4
h/2 hi4  h/4

3R
A= %\/h2 TR

Problem 7.87 Use the second Pappus—Guldinus theo-
rem to determine the volume of the truncated cone.

Solution: Work with the trapezoidal area

3Rh
A= R/2)(h/2) + 1/ R/2)(h/2) = —5= -

—_ (R/2)(W/2)R/H) + (1/2)(R/2)(h/2)[(1/3)(R/2) + (R/2)] TR e
y= A =18 h/2 h/4 hi4

7R\ ([ 3Rh TnR?h
—omyA=2rn(—= ) (=) =222
V= 2myA=2n <18> ( 8 ) 24

v _ 1R
T 24

Problem 7.88 The area of the shaded semicircle is y
snR?. The volume of a sphere is 37R®. Extend the
approach described in Example 7.15 to the second
Pappus—Guldinus theorem and determine the centroid

yg of the semicircular area < =

X
Solution: The semicreular area is A = 1 7R?, and ¥, is the y R T
coordinate of its centroid. Rotating the area about the x axis generates
the volume of a sphere. The second Pappus—Guldinus theorem states
that the volume of the sphere is

V =213,A

%JTR3 = 27y, (% nRz)

Solving for y; yidlds [y, = —

(© 2008 Pearson Education South Asia PteLtd. All rightsreserved. Thispublication isprotected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

562

o



o

Problem 7.89 Use the second Pappus—Guldinus
theorem to determine the volume generated by revolving
the curve about the y axis.

y

(1.1

Solution: The x coordinate of the centroid:. The element of area
is the vertical strip of height (1 — y) and width dx. Thus

1 1
A:/ (1—y)dx:/(l—x2)dx.
JO JO

Integrating,

+-5,-3
A= |x——| ==.
0

. -1 2 4 1
/di:/ (x —x%)dx = T_r =,
Ja Jo 2 4], 4

divide by the area: x = g The volume is V = 27xA = g

Problem 7.90 The length of the curve is L = 1.479,
and the area generated by rotating it about the x axis
isA = 3.810. Use the first Pappus—Guldinus theorem to
determine the y coordinate of the centroid of the curve.

Solution: The surface areais A = 27yL, from which
A
=— =041
y 2L

Problem 7.91 Use the first Pappus—Guldinus theorem
to determine the area of the surface generated by
revolving the curve about the y axis.

Solution: The length of the line is given in Problem 7.90.
L = 1.479. The elementary length of the curve is

dy 2
dL = |1+ (—> dx.
dx

. d L
Noting d—y = 2x, the element of line is dL = (1 + 4x?)Y/2,
X

The x-coordinate:
1
/de = / x(1+ 4x2)1/2 dx
L 0

3/271

_1 2\3/2 1_5 _
=D [+ 4x2)%2] ) = 7 = 0.8484.

Divide by the length to obtain x = 0.5736. The surface area is
A =2nxL =533
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Problem 7.92 A nozzle for a large rocket engine is y
designed by revolving thefunction y = Z(x — 1)¥2 about

the y axis. Use the first Pappus—Guldinus theorem to

determine the surface area of the nozzle.

I
|
I
: \y:%(x—l)m
I
[

|
—

Solution: The length: Noting that ? = (x — 1)Y/2, the dlement
X
of length is

dy\?
L = |1+ (—‘) dx = Jxdx
dx

from which
5 2 5
L:/ dL:/ Y2 dx = {7(x)3/2} =6.7869 m
L 1 3 1
The x-coordinate:
. .5 2 5
/de: / X2 dx = {ng/z} = 21.961.
J1

JL 1

Divide by the length: x = 3.2357. The area

A =27xL = 138 m?

Problem 7.93 The coordinates of the centroid of the  »
line are x = 332 mm and y = 118 mm. Use the first
Pappus-Guldinus theorem to determine the area of the
surface of revolution obtained by revolving the line about
the x axis.

200 mm

609

Solution:

o

120
L = 200 mmtan60° + 200 mm
180°

)n:765mm

A = 275L = 27(0.118 m)(0.765 m) = 0.567 P |
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Problem 7.94 The coordinates of the centroid of the
area between the x axis and the line in Problem 7.93 are
X = 355 mmandy = 78.4 mm. Use the second Pappus-
Guldinus theorem to determine the volume obtained by
revolving the area about the x axis.

Solution: The areais

o

1 120
A= E(0.2 m)(0.2 mtan60°) + <

2 _ 2
o 7r> (0.2 m)? = .0765 m

V = 277A = 27(0.0784 m)(0.0765 m?) = 0.0377 m®

Problem 7.95 The volume of revolution contains a
hole of radius R.

(@ Useintegration to determine its volume.
(b) Use the second Pappus—Guldinus theorem to deter-
mine its volume.

Solution:

(@ The element of volume is a disk of radius y and thickness dx.
The area of the disk is 7(y? — R?). The radius is

y= (%)x—t—R,

2
fromwhicth:n(%x+R) dx — nR?dx.
a 2.2
Denote m = (E),dV=ﬂ(m x“ 4+ 2mRx) dx,

from which
h
V:/ dV:rrm/ (mx2+2Rx)dx
1% 0

3 h
X 2 o5 ((mh
=7m {m——i—Rx} = mh <—+R>
3 0 3

:nah(%—}—R).

(b) The area of the triangle is A = (%)ah. The y-coordinate of the
centroid isy =R + (%)a. The volume is

‘ V = 27yA = nah(R + (3)a)
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2
Problem 7.96 Determine the volume of the volume of ~ Solution: The area of the semicircle is A = % The centroid is

revolution. 4 )
y=R+ e The volume is
T

r2 4r 4r
Vv=2n(—)(R+—)=n%2(R+ — ).
”<2>< +3n> r ( +3n>

Forr=40mmandR=140mm,‘V:2,48><10*3m3|

80
mm

Problem 7.97 Determine the surface area of the
volume of revolution in Problem 7.96.

Solution: The length and centroid of the semicircle is L, = 7,
2 . . Lo

y=R+ L The length and centroid of the inner lineis L; = 2r, and
T

y=R.

A = 2n(mr) <R + %) + 27(2r)(R) = 2nr(nR + 2r + 2R).

For r = 40 mm and R = 140 mm, A = 0.201 n?

Problem 7.98 The volume of revolution has an
elliptical cross section. Determine its volume. < 230mm-——
\ 130 mm
N ~d g P
s 180 mm
Z 1 D 3 N
Solution: Use the second theorem of Pappus-Guldinus. The T
centroid of the ellipse is 180 mm from the axis of rotation. The area 7 T
of the ellipse is wab where a = 115 mm, b = 65 mm. { ) 2
The centroid moves through a distance |d| = 27R = 27 (180 mm) as \‘v__/ ,;,"___

the ellipse is rotated about the axis.

V = Ad = nabd = 2.66 x 10" mm?3

v =0.0266 m3
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Problem 7.99 Suppose that the bar in Active

Example 7.16 is replace with this 100-kg homogeneous d ~05m—~ B
bar. (@) What is the x coordinate of the bar’s center of 2 .
mass? (b) Determine the reactions at A and B.
Im
A
D) X
| Lm |
Solution: L |
(@) Letthe new horizontal segment of the bar part 3. The x coordinate B
of the centroid of the bar's axis, which coincides with its center 0.75 m
of mass is
_ xX1Lp+X2Lp +X3L3 (0.5 (1) + (1)(1) + (0.75)(0.5)
T T Litlatls 0511105 =0rsm
981 N
(b) The equilibrium equations are A
X
XMy B(1m)— (981 N) (0.75 m) =0, A
y

YFy A, —B=0,

¥F, A, —981N=0.

Solving yields

A, =736N, A, =981N, B=736N.
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Problem 7.100 The mass of the homogeneous flat

plate is 50 kg. Determine the reactions at the supports A 480 mm 100 mm
and B. i
2(30 mm
A

+~——600 mm——-—=
800 mm 600 mm |

Solution: Divide the object into three areas and the composite.
Since the distance to the action line of the weight is the only item of
importance, and since there is no horizontal component of the weight,
it is unnecessary to determine any centroid coordinate other than the x- 500 N @
coordinate. The areas and the x-coordinate of the centroid are tabul ated. -

. : - . . '“ i
The last row is the composite area and x-coordinate of the centroid. - X I B ?

Area A, sqgmm x ———— 1400mm — “"l

Rectangle 3.2 x10° 400
Circle 3.14 x 10* 600
Triangle 1.2 x 10° 1000
Composite 4.09 x 10° 561

The composite area is A = Arect — Acirc + Atriang. The composite x-
coordinate of the centroid is

Y= ArectXrect — AcircXcirc 1 AtriangXtriang
= n .

The sum of the moments about A:
> Ms = —500(561) + 14008 = 0,
from which B = 200 N. The sum of the forces:

> Fy=A,+B-500=0,

from which A, = 300 N.

Zszszo
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Problem 7.101 The suspended sign is a homogeneous
flat plate that has a mass of 130 kg. Determine the axial
forces in members AD and CE. (Notice that the y axis
is positive downward.)

y y =1+ 0.0625¢2

Solution: The strategy is to determine the distance to the action
line of the weight (x-coordinate of the centroid) from which to apply
the equilibrium conditions to the method of sections.

Thearea: The element of areaisthe vertical strip of length y and width
dx. The element of areadA = ydx = (1 + ax?) dx, wherea = 0.0625.
Thus

"

. "4
A:/dA:/ A+ ax®)dx = [x+ } = 5.3333 gq ft.
JA JO 3 0

The x-coordinate:

2 474

. v
/di:/ x(1+ax2)dx= {x—+£} =12
Ja Jo 2 4 Jo

Divide A: x = = 2.25 ft.

12
5.3333
The equilibrium conditions: The angle of the member CE is
a=tan~1(3) = 14.04".

The weight of the signis W = 130(9.81) = 1275.3 N. The sum of the

moments about D is

> Mp = —2.25W + 4CE sina =0,

from which | CE = 2957.7 N (T) |

Method of sections: Make a cut through members AC, AD and BD
and consider the section to the right. The angle of member AD is

B =tan"1(3) = 2657.
The section as a free body: The sum of the vertical forces:

> Fy=ADsng—-W =0

from which | AD = 2851.7 N (T)
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Problem 7.102 The bar has a mass of 80 kg. What are
the reactions at A and B?

Solution: Break the bar into two parts and find the masses and
centers of masses of the two parts. The length of the bar is

L=Li+L,=2m+27R/4R =2 m)

L=2+nmxm

Part Length; (m) Mass; (kg) X; (M)

1 2 <i> 80 1
2+
2R
2 - <L>80 <2+—>
2+ T

mp=31L12kg x3=1m

my =48.88kg x2=327m

> Fe A=0

ZF),: Ay + By —mig—mpg =0
ZMA: — Xym1g — Xompg + 4B, =0
Solving

A,=0, A, =316 N, B=469 N
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Problem 7.103 The mass of the bar per unit length is
2 kg/m. Choose the dimension b so that part BC of the
suspended bar is horizontal. What is the dimension b,
and what are the resulting reactions on the bar at A?

Solution: We must have
ZMA : pg(1.0 m)(0.5 mcos30°)
b 5
— pgb (5 — 1.0 mcos30 > =0

=b=214m

Then
Z Fy: A, =0

> Fy:Ay—pg(lOm) —pg(b)=0 =

‘ Ac=0, A,=616N, b=214m

p9(1.0m)

pgb

Problem 7.104 The semicircular part of the homoge-
neous slender bar lies in the x—z plane. Determine the

center of mass of the bar.
y

Solution:

The bar is divided into three segments plus the com-
posite. The lengths and the centroids are given in the table: The

composite length is:

The composite coordinates are:

3
ZL,‘X,‘
i=1

)

L
3
Z Liyi
andy = =1
y L
Segment Length, cm X, cm y, cm z,cm
L1 127 2 0 12
T
L2 10 0 5 0
L3 18.868 8 5 0
Composite 66.567 6.594 2.168 6.796
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Problem 7.105 The density of the coneis given by the y
equation p = po(1+ x/h), where pg is a constant. Use
the procedure described in Example 7.17 to show that
the mass of the cone is given by m = (7/4)poV, where
V is the volume of the cone, and that the x coordinate
of the center of mass of the cone isx = (27/35)h.

Solution: Consider an element of volume dV of the cone in the
form of a“disk” of width dx. The radius of such a disk at position x
is (RI)x, so dV = n[(R/h)x]? dx.

The mass of the cone is
" 2 7 2 7
m= / pdV = / po (L+ x/h) 7 [(R/h)x]* dx = — ponR“h = = poV.
1% 0 12 3
The x coordinate of the center of massis

g h
/ xpdV / xpo (1+x/h) 7 [(R/M)x]? dx a7
\4 _ Jo

X=": = ==

g h
/VpdV / 0o (L+x/h) m [(R/h) x]? dx
Jo
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Problem 7.106 A horizontal cone with 800-mm length y
and 200-mm radius has a built-in support at A. Its density
is p = 6000(1 + 0.4x?) kg/m3, where x is in meters.

What are the reactions at A? %
200 mm
A L X

| 800 mm |
Solution: The strategy is to determine the distance to the line of Y
action of the weight, from which to apply the equilibrium conditions. | —
200
The mass: The element of volume is a disk of radius y and thickness A - f mm
dx. y varies linearly with x: y = 0.25x. Denote a = 0.4. The mass of X
the disk is
dm = prry? dx = 60007(1 + ax?)(0.25x)2 dx ——t——— 300 mm.._._..l
= 3757(1 + ax?)x? dx,
from which
0.8 3 457108
m= 37571/ A+ ax®)xdx = 3757 | = +a—
o 3 S lo
= 231.95 kg

The x-coordinate of the mass center:

. 0.8 A 671%8
/ xdm = 3757 / 1+ axz)x3 dx = 3757 {— + a—}
JIm Jo 4 6o

= 141.23.

Divide by the mass: x = 0.6089 m
The equilibrium conditions: The sum of the moments about A:

ZM =My —mgx =0,

from which

M4 = mgx = 231.94(9.81)(0.6089)
= i)

The sum of the vertical forces:

ZFY :Ay—ngO

from which | Ay =2275.4 N | The horizontal component of the

reaction is zero,

> Fx=0.
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Problem 7.107 In Active Example 7.18, suppose that
bar 1 is replaced by a bar with the same dimensions
that consists of aluminum alloy with a density of
2600 kg/m®. Determine the x coordinate of the center
of mass of the machine part.

Solution: The mass of bar 1 is

m = (7.68 x 1074 m?) (2600 kg/m®)

= 2.00 kg

The x coordinate of the center of massis

¥1my +X2mz (40 mm) (2.00 kg) + (200 mm) (5.99 kg)

= it m 2.00 kg + 5.99 kg = 160 mm
Problem 7.108 The cylindrical tube is made of y

auminum with mass density 2700 kg/m®. The cylin-

dricadl plug is made of steel with mass density
7800 kg/m®. Determine the coordinates of the center of
mass of the composite object. .
\

X

Y Tube Y
/Plug A
: / \20 mm
- - @y
35 mm

. 100 |, 100

mm mm A=

Section A-A

Solution: The volume of the aluminum tube is

V4 = 7(0.035%2 — 0.022)(0.2) = 5.18 x 10~ mS.

The mass of the aluminum tube is my; = (2700)V4; = 1.4 kg. The
centroid of the aluminum tube is x47, = 0.1 m, y4; = 24 = 0.

The volume of the stedl plug is Vg, = 7(0.02)2(0.1) = 1.26 x
1074 m3. The mass of the steel plug is mr, = (7800)Vr, =
0.9802 kg. The centroid of the steel plug is xg, =0.15m, yp, =
Zp. = 0.

The composite mass is m = 2.38 kg. The composite centroid is

_ a0 + mre(0.15)
m

=0.121m
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Problem 7.109 In Example 7.19, suppose that the
object is redesigned so that the radius of the hole in
the hollow cylinder isincreased from 2cm to 3cm. What
is the x coordinate of the center of mass of the object?

Side View Front View

y y

2 cm Tl
X z

4 cm I B

}4 m - |
10¢ S5cm | I 5cem

12 cm

Solution: The volume of the cylinder is
Veylinder = (12 cm ) [(4 cm)? — (3cm)?] = 264 cm® = 2,64 x 10~ *m3
Its weight is
W eylinder = (2.64 % 10~ “m®) (85 kN/m?) = 0.02244 kN.

The x coordinate of the center of mass (same as center of weight) is

Xbar Whar + Xeylinder W cylinder
Whar + Weylinder

X =

(186 cm) (4.43 x 10~ * kN)+ (10 cm) (0.02244 kN)
- 0.02244 kN

=9.84 cm.

x=9.84 cm.

Problem 7.110 A machine consists of three parts. The Solution: The composite mass is m = 2.0+ 4.5+ 2.5 = 9 kg.
masses and the locations of the centers of mass of two  The location of the third part is

of the parts are:
_ 120(9) — 2(100) — 4.5(150) _

X3 55 82 mm
Part | Mass (kg) | X (mm) | y (mm) | Z (mm) .
1 20 100 50 —20 80(9) — 2(50) — 4.5(70)
2 45 150 70 0 y3 = 25 =122 mm

The mass of part 3is 2.5 kg. The design engineer wants ~ , _ 220 _ 16 mm
to position part 3 so that the center of mass location 2.5

of the machineisX = 120 mm, ¥y = 80 mm, and Z = 0.

Determine the necessary position of the center of mass

of part 3.
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Problem 7.111 Two views of a machine element y y
are shown. Part1 is auminum alloy with density | 1
2800 kg/m®, and part 2 is steel with density 7800 kg/m?®. ] 24 mm
Determine the coordinates of its center of mass. = f————— |
_______ 2 N
8 mm
|- 18 mm 60 mm
R 8 mm
oy N
20 FE"
mm mm
—50 mm —|

Solution: The volumes of the parts are

V1= [(60)(48) + 17 (24)? — 7(8)?] (50)
=179, 186 mm® = 17.92 x 107> m®,

V2 = [(16)(36) + 37(18)? — 7(8)?] (20) = 17, 678 mm®
=177 x 1075 m®,

so their masses are

my = §1V1 = (2800)(17.92 x 10-3) = 0.502 kg,

my = S2Vo = (7800)(1.77 x 10-°) = 0.138 kg.

The x coordinates of the centers of mass of the parts are x; = 25 mm,
X2 = 10 mm, so

N X1my + Xpmp
- my + mp

=218 mm
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Problem 7.112 The loads Fi=F>=25kN. The y

mass of the trussis 900 kg. The members of the truss are
homogeneous bars with the same uniform cross section.
() What is the x coordinate of the center of mass of the

truss? (b) Determine the reactions at A and G.

Solution:

(@ The center of mass of the truss is located at the centroid of
the composite line of the axes of the members. The lengths of

the diagonal membersare /(4 m)2 + (3 m)2 = 5 m. Thelengths
and x coordinates of the centroids of the axes of the members are

(b)

Member Length x coordinate
AB 5m 2m
AC 4m 2m
BC 3m 4m
BD 5m 6m
BE 4m 6m
BG 5m 6m
CG 4m 6m
DE 3m 8m
EG 3m 8m

The x coordinate of the centroid of the composite line, which is
coincident with the center of mass of the truss, is

X =
2L

xli (2 5+4H+ @) )+ (6) 5+4+5+4+(8) 3+3)
- 5+4+3+5+4+5+4+3+3

The equilibrium equations for the truss are

EFy Ay + 25 KN + 25 kN,

XF, Ay + G — (900)(9.81)N =0,

XMy

=517m

: —(25kN) (3 m) — (25 kN) (6 m) — (900) (9.81) N(5.17 m)+ G(8 m) = 0.

Solving yields

Aw = —50kN, A, = —250 kN, G = 33.8 kN.

p Hh
3m
—— ———
-]
3m
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Problem 7.113 With its engine removed, the mass of
the car is 1100 kg and its center of massis at C. The
mass of the engine is 220 kg.

(8 Suppose that you want to place the center of mass c o < i
E of the engine so that the center of mass of the  g4bm 0-? m
car is midway between the front wheels A and the  —+——— Al114 4 B
rear wheels B. What is the distance b? Diaatliong Y

(b) If the car is parked on a 15° slope facing up the 260m ! |

slope, what total normal force is exerted by the
road on the rear wheels B?

Solution:

(& The composite mass is m =mc +mg = 1320 kg. The x-
coordinate of the composite center of mass is given:

2.6
X=-—=13m
> ,

from which the x-coordinate of the center of mass of the engine is

_ (13m-114me)
= e =

Xg =b 2.1 m.

The y-coordinate of the composite center of mass is

y= 0.45 m¢ + 0.6 mg

m

=0.475m.

(b) Assume that the engine has been placed in the new position, as
given in Part (8). The sum of the moments about B is

> Ma =264+ ymgsin(15°)

— (2.6 — x)mg cos(15°) = O,

from which A = 5641.7 N. This is the normal force exerted by
the road on A. The normal force exerted on B is obtained from;

> Fy=A—mgcos(15) + B =0,

from which B = 6866 N
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Problem 7.114 Theairplane is parked with its landing
gear resting on scales. The weights measured at A, B, and
C are 30 kN, 140 kN, and 146 kN, respectively. After a
crateisloaded onto the plane, the weights measured at A,
B, and C are 31 kN, 142 kN, and 147 kN, respectively.
Determine the mass and the x and y coordinates of the

center of mass of the crate. E A

Solution: The weight of the airplane is W4 = 30 + 140 + 146 =
316 kN. The center of mass of the airplane: 6m

| o
o9}

> " M yais = 30(10) — xaWa =0,

<

from which x4 = 0.949 m.
> Mais = (140 — 146)(6) + yaWa =0,
from which y4 = 0.114 m. The weight of the loaded plane:

W = 31+ 142 + 147 = 320 kN.

The center of mass of the loaded plane:
> M yais = (31)10 — xW =0,

from which x = 0.969 m.

> Mais = (142 — 147)(6) + yW =0,

from which y = 0.0938 m. The weight of the crate is W, =W —
W4 = 4 kN. The center of mass of the crate:

WX — WaX
XC:7M22.5m,
W
wy —-Ww
yczu =—-15m.
We

The mass of the crate:

_W(xlO3

me = g = 40775 kg
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Problem 7.115 A suitcase with a mass of 90 kg is
placed in the trunk of the car described in Example 7.20.
The position of the center of mass of the suitcase is
Xs = —0.533 m, y, = 0.762 m, and zs = —0.305 m. If
the suitcase is regarded as part of the car, what is the
new position of the car’s center of mass?

Solution: In Example 7.20, the following results were obtained
for the car without the suitcase

W, = 17303 N

X, = 1.651 m

Y. =0.584 m

z. =0.769 m

For the suitcase
Ws=1(90)g, X;=-0.533m,

y=0762m, z=-0.305m.

The new center of mass is at

Xy = X We + X W
N W+ wy)

with similar egns for yy and zy

Solving, we get

Xy =1.545m, yy =0.593 m, zy =0.717 m

Problem 7.116 A group of engineering students
constructs a miniature device of the kind described in
Example 7.20 and usesit to determine the center of mass
of a miniature vehicle. The data they obtain are shown
in the following table:

Whedbase = 0.9m

Track =0.75m Measured L oads (N)
a=0 a=10°

Left front wheel, N g 157 144

Right front wheel, Nge 162 149

Left rear wheel, N\ r 122 153

Right rear wheel, Nrr 131 135

Determine the center of mass of the vehicle. Use the
same coordinate system as in Example 7.20.

Solution: The weight of the go-cart: W =157+ 1624122+ 131=
572 N. The sum of the moments about the z axis

> M_ais = (Wheelbase)(NLr + Ngr) — XW =0,
from which

— 0.9(157+ 162) —0.502 m.

The sum of the moments about the x axis:
> Mais = 2ZW — (Track)(Ngr + Ngg) = 0,

from which

,_ (0.75)(162+131)
- w

=0.384 m.

With the go-cart in the tilted position, the sum of the moments about
the z axis

> M_ais = (Wheelbase)(N L + Ngr)
+ yW sin(10°) — xW cos(10°) = 0,
from which

X Wcos (10°)— (0.9)(144+ 149)
W sin(10°)

=0.192 m.
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Problem 7.117 Determine the centroid of the area by
letting dA be a vertical strip of width dx.

Solution: Thearea: The length of the vertical strip is (1 — y), so
that the elemental areais dA = (1 — y)dx = (1 — x?)dx. The area

. -1 3 1 2
dA= | A=x¥ydx=|x-"] =1--=-2.
/A ./o( ) {x 3}0 373

The x-coordinate:

" 1 X2 x4l 1 3
XA= [ xdA= 1-x®)dx=|% -] =21 x=2
./Ax ,/ox( x7)dx {2 4]0 2 %38

The y-coordinate: The y-coordinate of the centroid of each element of

area is located at the midpoint of the vertical dimension of the area
element.

y=y+31-x.

Thus

1
/YdAz/ <x2+ <3> (1—x2)> (1—x%)dx
A 0 2

LY

Problem 7.118 Determine the centroid of the area in
Problem 7.117 by letting dA be a horizonta strip of
height dy.

Solution: Thearea: The length of the horizontal strip is x, hence
the element of areais

dA = xdy = yY2dy.

Thus

A . 1/2 2y3/? o2
- o= -
Check:

The x-coordinate: The x-coordinate of the centroid of each element of
areaisx = 1x = 3y2. Thus

[()eon=(3) o= () [5]-3

Divide by the area: x = g

The y-coordinate:

yA = /AydA = '/Oly (yl/zdy)

1

:/.1y3/2dy= 2y5/2 2
Jo 5 g 5

3
Divide by the area: y = c
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Problem 7.119 Determine the centroid of the area y

60 cm

X
80cm } 60 cm }
Solution: The strategy is to develop useful general results for the u
triangle and the rectangle. Divide by the area y = é20 cm. The composite:
The rectangle: The area of the rectangle of height 7 and width w is XRAR + XrAr  40(4800) + 100(1800)
X TArktAr 4800+ 1800

w
A= / hdx = hw = 4800 cm?.
Jo

=56.36 cm
_ (30)(4800) + (20)(1800)
w XZ w 1 - 4800 + 1800
/ hxdx = h {—} = <7> hw?.
0 0

2

The x-coordinate:

Divide by the area: x = g =40cm

The y-coordinate:
N Mo, (1),
<§>/0 hdx—<§>hw.
L 1
Divide by the area: y = (§> h=30cm

The triangle: The area of the triangle of dtitude « and base b is
(assuming that the two sides a and b meet at the origin)

b b a LZXZ
A:./o y()c)dx:'/0 (—Zx—i-a) dx = {_E _ax]o

ab ab
= |-= =_ =1 m2
{ > + ab} > 800 c

Check: This is the familiar result. check.

The x-coordinate:
/b( a+> dr — ax3+ax2b_ab2
o U T T T T, T e

b
Divide by the area: x = 3= 20 cm

The y-coordinate:

[ran=(3) [ (-or+a) @
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Problem 7.120 Determine the centroid of the area. y

40 mm
20 mm

Solution: Divide the object into five areas: 40 mm

(1) The rectangle 80 mm by 80 mm,
(2) The rectangle 120 mm by 80 mm,
(3) the semicircle of radius 40 mm, 80 mm
(4) Thecircle of 20 mm radius, and

(5) the composite object. The areas and centroids:

(1) Ay = 6400 mm?, 120 mm |
X1 = 40 mm, y; = 40 mm,

160 mm
(2) Az = 9600 mm?,
X2 = 120 mm, y2 = 60 mm,

(8) Az = 2513.3 mm?,
X3 = 120 mm, y3 = 136.98 mm,

(4) A4 =1256.6 mm?,
X4 = 120 mm, y4 = 120 mm.

(5) The composite area: A = Ay + Ap + Az — Ay = 17256.6 mm?.
The composite centroid:

" A1X1 + AoXp + A3X3z — AaXa
N A

=90.3 mm |

y= A1y1 +A2y2 + Agys — Aays
A

= 59.4 mm

Problem 7.121 The cantilever beam is subjected to a y
triangular distributed load. What are the reactions at A? ‘

Solution: The load distribution is a straight line with intercept

200
w =200 N/m at x = 0, and slope — (E) = —20 N/m?. The sum

of the moments is ‘

200 N/m

X

-10
ZM:MA—/ (—20x + 200)x dx = 0, |
o ‘ 10m |

from which

" y 200 N/m
M= {_ 05, 100}52} — 33333 N-m. E i
3 0 Ax -

The sum of the forces: Ma 1} Ay

10m

10 ,
ZF«" =Ay— A (—20x 4 200) dx = 0,

from which

Ay = [~10+2 + 200x] ;0 = 1000 N,

and ZFX:szo
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Problem 7.122 What is the axial load in member BD
of the frame?

Solution: The distributed load is two straight lines: Over the
interval 0 < y <5 the intercept isw =0 a y =0 and the slope is
100
— =20.

5

Over the interval 5 < y < 10, the load is a constant w = 100 N/m.
The moment about the origin E due to the load is

5 10
Mg = / (20y)ydy + / 100y dy,
JO 5

from which

20 ;1% [100 ,1%°
Mg = |:€)73:| + |:7y2} = 4583.33 N-m.
0 5

Check: The area of the triangle is
F1 = (3)(5)(100) = 250 N.

The area of the rectangle: F, = 500 N. The centroid distance for the
triangle is

di=(2)5=3333m.

The centroid distance of the rectangle is d2 = 7.5 m. The moment
about E is

MEg = d1F1+ dyF = 4583.33 Nm check.
The Complete Sructure: The sum of the moments about E is
> M =—10Ag + Mg =0,

where Ay, is the reaction at A, from which A = 458.33 N.

The element ABC: Element BD is atwo force member, hence B, = 0.
The sum of the moments about C:

> Mc=-5B,—104, =0,

where A, is equal and opposite to the reaction of the support, from
which

B, = —2A, = 2Ag = 916.67 N.

Since the reaction in element BD is equa and opposite, B, =
—916.67 N, which isatension in BD.
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Problem 7.123 An engineer estimates that the maxi- 200 N/m
mum wind load on the 40-m tower in Fig. ais described —_— =3
by the distributed load in Fig. b. The tower is supported
by three cables A, B, and C from the top of the tower to
equally spaced points 15 m from the bottom of the tower
(Fig. c). If the wind blows from the west and cables B 40m
and C are slack, what is the tension in cable A? (Model
the base of the tower as a ball and socket support.)

15m

400 N/m
@ (b) ©

Solution: Theload distribution is a straight line with the intercept 200 N/m
w = 400 N/m, and slope —5. The moment about the base of the tower G_C i
due to the wind load is
40
M =/ (—5y +400)y dy, Ta 40m
0
5 40 F
My = {7§y3 + ZOOyZ} = 213.33 kN-m, x L
0 1 400 N/m
Fy

clockwise about the base, looking North. The angle formed by the
cable with the horizontal at the top of the tower is

15
0=90" —tan~1( = | =69.44°.
()

The sum of the moments about the base of the tower is

ZM = —My + 40T, cosf = 0,

from which

1
Ta=|-——-|Mw=1519 kN
4 (400039) v
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Problem 7.124 Determine the reactions on member

2kN/m }ZkN/m

ABCD a A and D. - )

T D E

1m klm%‘

I B 8

im

v |,B

im

l N

Solution: First, replace the distributed forces with equivalent
concentrated forces, then solve for the loads. Note that BF and CE
are two force members.

Distributed Load on ABCD, F1

By area analogy, concentrated load is applied at y = +m. The load is
3 (@) kN

F1=3kN
By the area analogy,

Fs =4KkN appliedat x =1m

Assume F¢r and Fgp are tensions

X
For ABCD:
Yy
ZF": Ay + Fpp C0845° + Fcp c0845° + Dy + 3 kN = 0 T ,., { , T 2kN/m
TR R ARER
ZF}': Ay +D).—F3psin45°+FCESin45°:0 % e
&,‘,Hw.v,,.w_- 2 m s emsrmezeres e

ZMA: — 1(Fpp c0S45°) — 2(F cp c0845°) — 2(3) — 3Dy = 0
For DE:

ZF_\.: — D, — Fcp cos45° =0
D Fy —Dy—Fcpsinds —4=0

> Mg (HDy =0
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7.124 (Continued)

Solving, we get
Ay =TKN
Ay = —6kN
D, =4kN
Dy, =0

adso Fpr = —14.14 kN(C)

Fcr = —5.66 kN(c)

DY
DX
f e

}
i

(@]

om0l . A
n
@
m
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Problem 7.125 Estimate the centroid of the volume of
the Apollo lunar return configuration (not including its
rocket nozzle) by treating it as a cone and a cylinder.

Solution: The volume of the cone is

Vy= i:h =11581m3,

The x-coordinate of the centroid from the nose of the cone is x; =
%h = 2.25 m. The volume of the cylinder is¥= 7R2L = 48.641n7.
The x-coordinate of the centroid from the nose of the cone is xo =
h+ é = 5.1 m. The composite volume is V= Vi + V, = 60.222 me.
The x-coordinate of the composite centroid is

Vi +V
x= Yt Vaxe ool

Vv

The y- and z-coordinates are zero, from symmetry.
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Problem 7.126 The shape of the rocket nozzle of the v

Apollo lunar return configuration is approximated by y = 0.350 + 0.435x — 0.035x2
revolving the curve shown around the x axis. In terms

of the coordinate system shown, determine the centroid

of the volume of the nozzle.

Solution:
/de
X == .
/dV 2.83m }

Let dV be adisk of radius y and thickness dx
Thus, dV = y? dx, where

y2 = (0.350 + 0.435x — 0.035x2)?

¥2 = (a+ bx + cx?)?

y2 = d? + 2abx + (2ac + b*)x% + 2bex® + 2x*

a =0.350
b=0.435
¢ =—-0.035

2.83
/ (azx + 2abx® + (2ac + bz)x3 + 2bex* + c2x5) dx
0

X =
2.83
/ (a2 + 2abx + (2ac -‘1-b2))c2 + 2bex® +c2x4) dx
0
2 3 4 2.83
a? (%) + 2ab <%> + (2ac + b?) <xz>
x° X8
2bc | =— 2 (2
_ L e(5) e (5) :
= 2 3\ - 283
a’x + 2ab <E) + (2ac + b?) <§
x4 x°
e (= )+ =
+2bc ( 4) +c ( 5) o
Evaluating,
4.43
3.37
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Problem 7.127 Determine the coordinates of the cen- y
troid of the volume.

Solution: From symmetry 3=z =0

7(0.042 — 0.03?)(0.12)(0.06) + 7(0.03% — 0.022)(0.22)(0.11)
7(0.042 — 0.032)(0.12) + 7(0.032 — 0.022)(0.22)

=I

X=0.0884m=884mm, y=z=0

Problem 7.128 Determine the surface area of the
volume of revolution in Problem 7.127.

©
o
8
-~ 6

h

‘4 .
6 cm

Solution: The outer surface: The length of the line is L; =
/42 + 62 = 7.2111 cm. The y-coordinate of the centroid isy =5+
2 =7 cm. The surface area is A1= 27L1y1 = 317.16 cn?.

The side surface: The length of the line is L, =4 cm. The y-
coordinate of the centroid isy, =5+ 2 =7 cm. The surface areais
Ay = 2nLoy> = 87.96 cm?.

Theinner surface: Thelength of thelineis Lz = 6 cm. The y-coordinate
isys = 5 cm. The surface area isAz= 2rLazys = 188.5 cm?. The total

surface: ‘A = A1 + A + Az = 6816 cn¥
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Problem 7.129 Determine the y coordinate of the vy

center of mass of the homogeneous stedl plate.
20 mm

10 mm

20 mm

20 mm

b 80mtm———
Solution: Dividethe object into five areas: (1) The lower rectangle
20 by 80 mm, (2) an upper rectangle, 20 by 40 mm, (3) the semicircle
of radius 20 mm, (4) the circle of radius 10 mm, and (5) the composite
part. The areas and the centroids are tabulated. The last row is the
composite and the centroid of the composite. The composite area is

3
A= ZA,- — Aa.
1

The centroid:
3
ZA,'X,‘ — AgXyq
X = 1 s
A
3
> A — Aaya
andy = -1
y A

The following relationships were used for the centroids: For a rect-
angle: the centroid is at half the side and half the base. For a semicircle,

- ) 4R .
the centroid is on the centerline and at 3 from the base. For acircle,
T
the centroid is at the center.

Area A, sq mm X, mm y, mm
Al 1600 40 10
A2 800 60 30
A3 628.3 60 485
A4 314.2 60 40
Composite 2714 48.2 21.3
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Problem 7.130 Determine the x coordinate of the y
center of mass of the homogeneous stedl plate.
220 mm
Solution: The quarter circle: The equation of the circle is x2 + .
y%2 = R?. Take the elemental area to be a vertical strip of height
y =+/R%2 —x? and width dx, hence the element of area is dA =
v/R? — x2dx, and the area is 150 mm ‘
1R
K VRZ -2  R? R? — X
A=/ VR? — x2dx = !—F—Sin*l(i) ™ __»‘
0 2 2 R 4
-0 50 mm

The x-coordinate:

. ‘R R2 _ 2y3/27%  R3
XcA = /di:/ xVR2 —x2dx = {7(7x) ==
Ja Jo 3 lo 3
“ 4R
€T3

The rectangle The area is A = 50(150) = 7500 mm?2. The x-
coordinate of the centroid is Xg = 25 mm.
The composite: The area of the quarter circle is

7(220)2

Ac = = 3.8013 x 10* mm.

The area of the rectangle is A = 50(150) = 0.75 x 10* mm2. The

composite area is A = Ac — Ag = 3.0513 x 10* mm?. The centroid:

= Acxc - ARXR
A

=110 mm

Problem 7.131 The area of the homogeneous plate is
10 m2. The vertical reactions on the plate at A and B are
80 N and 84 N, respectively. Suppose that you want to
equalize the reactions a8 A and B by drilling a
1-m-diameter hole in the plate. What horizontal distance
from A should the center of the hole be? What are the
resulting reactions at A and B?

5m
\ \
Solution: Theweight of the plateis W = 80 + 84 = 164 N. From
the sum of moments about A, the centroid is ,/———
X= @ =2.56 m. ?
4
A X I B&
The weight density is
y |~ 5m !
= _— =164 N/m2 ‘
w 10 ——/,,——-—-———-
The weight of the cutout is W¢e =n (0.5%)w = 12.88 N. The new ?
weight of the plate is W, = W — W = 151.12 N. The new centroid ) {
must be at A X5 """l B
5 —
Xo=3= 2.5 mfor the reactions to be equal. I — Xc

Therefore the x-coordinate of the center of the circle will be

WX — Wox
X(;:TZZZ?).ZGm.
C

The reactions at A and B will be

A=B=—=7556N
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Problem 7.132 The plate is of uniform thickness and —
is made of homogeneous material whose mass per unit

area of the plate is 2 kg/m?. The vertical reactions at 1
A and B are 6 N and 10 N, respectively. What is the x

coordinate of the centroid of the hole?

| 2m |
Solution: Choose an origin at A. The basic relation is Wexe =
Wx — WgXy, where W ¢ isthe weight of the composite plate (the one
with the hole), W is the weight of the plate without the hole, Wy is
the weight of the material removed from the hole, and x¢, X, and Xy
are the x-coordinates of the centroids of the composite plate, the plate
ithout the hole, and the hole, tively.

without the hole, and the hole, respectively A We ~Ap
The composite weight: -~ X

e Xy =
> Fy=A+B-Wc=0,

~——— 2 M —3—

from which W = 16 N. The x-coordinate of the centroid:
D Ma=-Wexe +28=0,

from which xc = 1.25 m. The weight of the plate without the hole
and the x-coordinate of the centroid:

W = pAg = ($)(2(1)(2)(9.81) = 19.62 N,
and x = (£)2=1.3333 m.
The weight of the material removed from the hole:

Wp=W—-Wc=362N.

WX — Wexe
Wy

Solve: xy = =1702m
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Problem 7.133 Determine the center of mass of the y
homogeneous sheet of metal.

Solution: Divide the object into four parts: (1) The lower plate,
(2) theleft hand plate, (3) the semicircular plate, and (4) the composite
plate. The areas and centroids are found by inspection:

(1) Area A; = 9(12) = 108 cn??,
X1 =05cm,y1 =—-8cm, z; =6cm.

(2) A, =8(12) = 96 cm?,
X2 = —4 cm,
y» =—4cm, z=6cm.

(3) Az = 74(12) = 150.8 cn?,

2(4
X3 =0, y=%=2.5460m‘ z==6cm.

The composite area is
3

A=A =35479% cn?.
1

The centroid for the composite:

3
ZA,’X,‘
_ 1

X =—-0.930 cm
3
> Ay
y=-1 =-2435cm
3
ZA,‘Z,‘
z=1 =6cm

A
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Problem 7.134 Determine the center of mass of the FGO mm %
homogeneous object. . |
10 mm
v T
: | 20 mm 60 mm
Solution: Divide the object into three parts and the composite: l
(1) A triangular solid 30 mm altitude, 60 mm base, and 10 mm thick. JE VR (O P S
(2) A rectangle 60 by 70 mm by 10 mm. (3) A semicircle with radius .1 30 F |
20 mm and 10 mm thick. z/ mm X
=]
The volumes and their centroids are determined by inspection: ) X y
@ vi= <%> (30)(60)(10) = 9000 mm?, f
30 mm
|
X1 =5mm, 7 10mm

y1:10+3—3? =20 mm,

60
z3 = — =20mm
1=3

(2) V2= 60(70)(10) = 42000 mmd,

X2 = 35 mm,
y2 =5 mm,
Z> = 30 mm
207
(B Vi= ”7(10) — 6283.2 mn?,
4(2
X3 = 70— (—0) = 61.51 mm,
3
y3 =5mm,
z3 = 30 mm.

The composite volume is V = V1 4 Va — V3 = 44716.8 mm®. The

centroid is
Vix VoXo — V3x
yo VXt VaXo = VaXs _ oe 5eg m
\%4
Vv Vv -V
Vv
Viz Vozp — V3z
Z=M=27.99mm

vV
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Problem 7.135 Determine the center of mass of the ~—5am—
homogeneous object. y 15 Kﬁ\
[
1
N
: . o . Top View
Solution: Divide the object into five parts plus the composite. y
(1) A solid cylinder with 1.5 cm radius, 3 cm long. (2) A rectangle 3 7
by 5 by 1cm (3) A solid cylinder with radius 1.5 cm, 2 cm long. (4) A f | 1cm
semicircle with radius 1.5 cm, 1 cm thick, (5) a semicircle with radius 3cm ;
1.5 cm, 1 cm thick. The volumes and centroids are determined by X L‘—|_—i 2Acrr%(
inspection. These are tabulated: it
Part No Vol, cu cm X, cm y, cm z, cm SideView
V1 21.205 0 1 0
V2 15 25 0 0
V3 14.137 5 -05 0
\Z 3.534 0.6366 0 0
V5 3.534 4.363 0 0
Composite 43.27 2.09 0.3267 0

The composite is

3 5
V:ZV,-—ZVi.
1 4

The centroid:

3 5
Z ViX; — Z ViX;

o L 4
—V s

with a corresponding expression for y. The z-coordinate is zero because
of symmetry.
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Problem 7.136 The arrangement shown can be used to y &
determine the location of the center of mass of a person. ) o
A horizontal board has a pin support at A and rests on i 20
a scale that measures weight at B. The distance from A 5 4]
to B is 2.3 m. When the person is not on the board, the ﬁ@'

scale at B measures 90 N.

(@ When a 63-kg person is in position (1), the scale i
at B measures 496 N. What is the x coordinate of i

the person’s center of mass? N 2
(b) When the same person is in position (2), the scale A : !—_l— g
measures 523 N. What is the x coordinate of his @

center of mass?

Solution:

W =mg=63g=0618 N

(@ Unloaded Beam (assume uniform beam)
> Fy: Ay+B,—Wg=0

> Ma: (-L15)W5+2.3B, =0

Solving, A, =90 N, Wp =180 N We
®) ] — L15M

> Fy: Ay+B,—Wg—W=0

> My 2.3B, —115Wp —xW =0

W =618 N, Wp =180 N

For (a), By, = 496 N. Solving the equations for this case yields
Xx=1511m

For (b), B, = 523 N. Solving the equations for this case yields
X =1.611m
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Problem 7.137 If astring is tied to the slender bar at B
A and the bar is alowed to hang freely, what will be the
angle between AB and the vertical?

‘F 8cm }

Solution:  When the bar hangs freely, the action line of the weight
will pass through the mass center. With a homogenous, slender bar,
the mass center corresponds to the centroid of the lines making up
the bar. Choose the origin at A, with the x axis parallel to the lower
bar. Divide the bar into three segments plus the composite: (1) The
segment from A to the semi circle, (2) the segment AB, and (3) the
semicircle.

() Li=8cm,x;=4cm,y; =0.
(2 Ly=v8+8=11314cm, xp =4, yo =4

2(4
(3) Ls =47 = 12566 cm, x3 = 8+ 22 _ 10,546 cm, ys= 4.
m

The composite length
3

L= I;=3188cm.
1

The composite centroid:

X — L1X1 + LoXo + L3X3

=6.58 cm,
L

L L L
y= w — 2.996 cm

The angle from the point A to the centroid relative to the lower bar is

« = tan~1 (%) = 2448,

The angle between AB and the lower bar is 45°, hence the angle
between the line from A to the centroid and AB is

B =45—q=2052

Since the line from A to the centroid will be vertical, this is the angle
between AB and the vertical.
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Problem 7.138 When the truck is unloaded, the total y
reactions at the front and rear wheels are A = 54 kN |
and B = 36 kN. The density of the load of gravel is
p = 1600 kg/m3. The dimension of the load in the z
direction is 3 m, and its surface profile, given by the
function shown, does not depend on z. What are the
total reactions at the front and rear wheels of the loaded
truck?

y = 1.5-0.45x + 0.062x?

A e

28m 3.6m

52m |

Solution: First, find the location of the center of mass of the Now we can find the wheel loads on the loaded truck
unloaded truck (and its mass). Then find the center of mass and mass

of the load. Combine to find the wheel loads on the loaded truck. Z F,: no forces

Unloaded Truck

ZFy: Ay+By —mrg—mpg=0

Z F.: no forces

ZMAZ 5-23}' — Xrmrg — dLng =0
> Fy: 54000+ 36000 — mrg = O(N)

Solving A, = 80.7 kN, B, = 171.6 kN
> M —xgmrg+52(36) =0

Solving Xy = 2.08 m, my = 9174 kg

Next, find x; and m;, (for the load) ) X Mg
—_— Xy —
/ xdm ;
my, Num !
X, = —F—— = —— |
/ dm "L oo 52N D
oL 54 kN 36 kN
where m;, = / dm, Num = / xdm
mp, mp,

3.6 3.6
my, = 3pydx=3p / (1.5 — 0.45x + 0.062x?) dx
0 0 y = 15— 0.45x + 0.062x?

5 31 136 dm=p(3)y dx
my = 3p {1.5x—0.45 <x—> +0.062 <x—>} .
2 3)], \ —
i 1
my, = 16551 kg i
3.6
Num = 3,0/ (1.5x — 0.45x2 + 0.062x%) dx 36m X
0
2 3 A\ 138 ol ——
Num=3p|15(% ) —045(% ) +0062 (< {
um p[ <2> <3>+ (4)]0 ! 4 o
i T
Num = 25560 kg - m mr9 —

™
X = Num _ 1.544 m ( i ? *"""'MJ
T T ka ./

measured from the front of the load ? e B2m e
Ay '

The horizontal distance from A to the center of mass of the load is
dr =xp +28m=4344m
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Problem 7.139 The mass of the moon is 0.0123 times
the mass of the earth. If the moon’'s center of mass is
383,000 km from the center of mass of the earth, what
is the distance from the center of mass of the earth to
the center of mass of the earth—moon system?

Solution: me
X(mg + myr) = 383,000 myy) @ O

0 x=_—"M__ (383000)
mg + my
—— X e

_ my/mg
= Tt mag gy 52:000) 383,000 KM —ppmr

0.0123
" 1+40.0123 (383,000)

= 4650 km.

(The earth’sradius is 6370 km, so the center of mass of the earth-moon
system is within the earth.)
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